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Abstract
In this paper, we establish local and global regularity
estimates for linearized Monge–Ampère equations in
divergence form via critical Lorentz space estimates for
the Green’s function of the linearized Monge–Ampère
operator and its gradient. These estimates hold under
suitable conditions on the data and the convex Monge–
Ampère potential is assumed to have Hessian determi-
nant bounded between two positive constants. As an
application, we obtain the solvability in all dimensions
of the second boundary value problem for a class of
singular fourth-order Abreu-type equations that arise
from the approximation analysis of variational problems
subject to convexity constraints.
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1 INTRODUCTION

In this paper, we establish local and global regularity estimates for solutions to linearizedMonge–
Ampère equations in divergence form

𝐿𝑢𝑣 ∶= 𝐷𝑖(𝑈
𝑖𝑗𝐷𝑗𝑣) = div𝐅 + 𝜇, (1.1)
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where 𝐅 is a vector field and 𝜇 is a signed Radon measure, via critical Lorentz space estimates for
the Green’s function, also known as the fundamental solution, of the linearized Monge–Ampère
operator

𝐿𝑢 ∶= 𝐷𝑖(𝑈
𝑖𝑗𝐷𝑗).

Throughout,

𝑈 = (𝑈𝑖𝑗)1⩽𝑖,𝑗⩽𝑛 ∶= (det 𝐷2𝑢)(𝐷2𝑢)−1

is the cofactor matrix of the Hessianmatrix𝐷2𝑢 of a convexMonge–Ampère potential 𝑢 ∈ 𝐶3(Ω),
where the function 𝑢 satisfies

0 < 𝜆 ⩽ det𝐷2𝑢 ⩽ Λ in Ω ⊂ ℝ𝑛, (1.2)

where 𝜆 and Λ are constants. We always assume 𝑛 ⩾ 2 and repeated indices are summed. More
precise assumptions on 𝐅 and 𝜇 will be given in corresponding theorems; see also Remark 2.6.
Due to the divergence-free property of 𝑈, that is, 𝐷𝑖𝑈

𝑖𝑗 = 0 for all 𝑗, the operator 𝐿𝑢 can be
rewritten in nondivergence form:

𝐿𝑢 = 𝐷𝑗(𝑈
𝑖𝑗𝐷𝑖) = 𝑈𝑖𝑗𝐷𝑖𝑗.

The coefficient matrix𝑈 of 𝐿𝑢 arises from linearizing the Monge–Ampère operator det𝐷2𝑢. One
can also note that 𝐿𝑢𝑣 is the coefficient of 𝑡 in the expansion

det 𝐷2(𝑢 + 𝑡𝑣) = det𝐷2𝑢 + 𝑡 𝑈𝑖𝑗𝐷𝑖𝑗𝑣 +⋯ + 𝑡𝑛 det 𝐷2𝑣.

Under the assumption (1.2), the cofactor matrix𝑈 is positive definite, so (1.1) is an elliptic equa-
tion. However, it is in general degenerate and/or singular since the eigenvalues of 𝑈 could tend
to zero and/or infinity. This makes its analysis challenging.
Caffarelli and Gutiérrez [6] established a fundamental interior Harnack inequality for the

homogeneous linearized Monge–Ampère equation 𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = 0. Their result is an affine invari-
ant version of the classical Harnack inequality of Moser, and Krylov and Safonov for elliptic
equations in divergence form and nondivergence form, respectively. Interior Hölder estimates
consequently follow. Central in their analysis is the geometry of sections of the Monge–Ampère
potential function 𝑢 which replace Euclidean balls. Sections are defined as sublevel sets of con-
vex functions after subtracting their supporting hyperplanes. Since then, many developments and
applications have been obtained by many authors including [8, 15–19, 21–23, 25, 27–29, 32–34, 37,
41–43, 45]. We refer the reader to [27] for an overview and will restrict ourselves to works closely
related to the subject of this paper.
Equations of the type (1.1) arise in several contexts such as the semigeostrophic equations in

meteorology [2, 3, 9, 10, 22, 31] and singular Abreu equations in the calculus of variations with a
convexity constraint [7, 18, 24, 26, 30].
Let us mention some works related to the case of 𝜇 = 0 under (1.2). Loeper [31] established

Hölder estimates for (1.1) using integral information on 𝑣 under the assumption that det 𝐷2𝑢 is
close to a constant. When 𝑛 = 2 and (1.2) is satisfied, the second author [22, 25] obtained interior
and global Hölder estimates for (1.1) assuming 𝐅 ∈ 𝐿∞(Ω;ℝ𝑛) ∩𝑊1,𝑛

loc (Ω;ℝ
𝑛). With the additional
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assumption 𝐷2𝑢 ∈ 𝐿1+𝜀𝑛 (Ω) for some 𝜀𝑛 > (𝑛 + 1)(𝑛 − 2)∕2, these estimates were extended to
higher dimensions in [27, Chapter 15]. This assumption holds in dimension 2 in view of the
𝑊2,1+𝜀 estimates for the Monge–Ampère equation established by De Philippis–Figalli–Savin [11]
and Schmidt [40]. In view of Caffarelli’s𝑊2,𝑝 estimates [4] and Wang’s counterexamples [46] for
the Monge–Ampère equation, the above integrability condition may be thought of as an assump-
tion on Λ∕𝜆 in (1.2). Such higher integrability of 𝐷2𝑢 was required for the Moser iteration. Later,
by assuming (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(Ω;ℝ𝑛) for some 𝑞 > 𝑛 and using De Giorgi’s iteration, Wang [45]
established interior Hölder estimates for (1.1) relying on the 𝐿∞ norm of the solution 𝑣, while the
second author’s results only rely on the 𝐿𝑝 norm of 𝑣 for 𝑝 ∈ (1, +∞). For all bounded vector
field 𝐅, Wang’s condition essentially requires 𝐷2𝑢 to be in 𝐿𝑟 where 𝑟 > 𝑛∕2. In this case, Wang’s
Hölder estimates were established via Moser’s iteration technique by Kim [17] who also studied
equations with drifts.
Very recently, when 𝐅 = 0, Cui–Wang–Zhou [8] use potential theory and Campanato type esti-

mates to study equation (1.1) for signedRadonmeasures𝜇whose total variation on each compactly
contained section of 𝑢 of height ℎ grows like ℎ

𝑛−2
2
+𝜀 for some 𝜀 > 0. In particular, they obtained

interior Hölder estimates for (1.1) under (1.2) when 𝜇 = div𝐅0 is a negative Radon measure and
𝐅0 is a bounded vector field. Remarkably, these results give new interior higher-order estimates
for singular Abreu equations. In all these works [8, 17, 45], theMonge–Ampère Sobolev inequality
[22, 41] plays an important role.
We will give here a unified, different proof of the interior Hölder estimates in [8, 45]. Moreover,

we also obtain a global version. Our approach uses fine properties of the Green’s function of the
linearized Monge–Ampère operator 𝐿𝑢 and avoids the Monge–Ampère Sobolev inequality. In the
context of linearizedMonge–Ampère equations, our approach has its root in the previous work of
Nguyen and the second author [28] where global Hölder estimates were obtained using 𝐿𝑞 norm
of the right-hand side where 𝑞 > 𝑛∕2. Crucial to our approach are uniform estimates for solutions
to (1.1) with zero boundary value. Our approach gives uniform estimates assuming only (𝐷2𝑢)1∕2𝐅

being in the Lorentz space 𝐿𝑛,1 when 𝑛 ⩾ 3.
As an application, we obtain the solvability of the second boundary value problem for sin-

gular Abreu-type equations, some of which in dimensions at least three are not accessible by
previous approaches.
The analysis of the Green’s function of the linearized Monge–Ampère operator starts with

the work of Tian–Wang [41] and then Maldonado [32–34] and the second author [19, 21, 22, 25,
27]. Let g𝑆(⋅, 𝑦) be the Green’s function of 𝐿𝑢 in 𝑆 ⊂ Ω with pole 𝑦 ∈ 𝑆. Building on properties
of the Green’s function put together in [27], we will establish interior and global estimates for
(𝐷2𝑢)−1∕2𝐷𝑥g𝑆(⋅, 𝑦) in the weak 𝐿𝑛∕(𝑛−1) space, also known as the Lorentz space 𝐿𝑛∕(𝑛−1),∞, when
𝑛 ⩾ 3. This space is critical as can be seen for the case of 𝑢(𝑥) = |𝑥|2∕2where 𝐿𝑢 now becomes the
Laplace operator, and its Green’s function does not belong to smaller Lorentz spaces. Our results
are affine analogs of those in Grüter–Widman [14] for uniformly elliptic equations in dimensions
𝑛 ⩾ 3. We have an extra logarithmic factor for Lorentz-space-type estimates in dimension 2. These
estimates build upon Lorentz-space-type estimates for the Green’s function g𝑆 itself; in this case,
we have more refined analysis as we have a good control on the shapes of the superlevel sets of
g𝑆 .
The quantity (𝐷2𝑢)−1∕2𝐷𝑥g𝑆(⋅, 𝑦) was first studied by Maldonado [32, 34] as a natural Monge–

Ampère gradient in the sense of the Monge–Ampère Sobolev inequality obtained in [22, 41].
Our estimates for (𝐷2𝑢)−1∕2𝐷𝑥g𝑆(⋅, 𝑦) in strong 𝐿𝑝 spaces where 𝑝 ∈ (1, 𝑛∕(𝑛 − 1)) follow from
Lorentz space estimates and they recover and extend results established in [34] in the case of sec-
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4 of 37 GU and LE

tions compactly contained in the domain. As applications, we will use these estimates to obtain
local and global uniform and Hölder estimates for solutions to (1.1) under suitable assumptions.
Before stating our main results, we introduce some relevant concepts.

Definition 1.1 (Sections). Let 𝑢 ∈ 𝐶1(Ω) ∩ 𝐶(Ω) be a convex function and ℎ > 0. If 𝑥0 ∈ Ω, then
the section of 𝑢 centered at 𝑥0 with height ℎ is defined by

𝑆𝑢(𝑥0, ℎ) ∶=
{
𝑥 ∈ Ω ∶ 𝑢(𝑥) < 𝑢(𝑥0) + 𝐷𝑢(𝑥0) ⋅ (𝑥 − 𝑥0) + ℎ

}
.

In the case of 𝑥0 ∈ 𝜕Ω, we require that 𝑢 is differentiable at 𝑥0.

Definition 1.2 (Green’s function of the linearizedMonge–Ampère operator). LetΩ be a bounded
convex domain inℝ𝑛 and 𝑢 ∈ 𝐶3(Ω) be a convex function satisfying (1.2). Assume𝑉 ⊂ Ω is open.
Let 𝛿𝑦 be the Dirac measure giving the unit mass to 𝑦. Then, for each 𝑦 ∈ 𝑉, there exists a unique
function g𝑉(⋅, 𝑦) ∶ 𝑉 → [0,∞] with the following properties:

(a) g𝑉(⋅, 𝑦) ∈ 𝑊
1,𝑞
0
(𝑉) ∩𝑊1,2 (𝑉∖𝐵𝑟(𝑦)) for all 𝑞 <

𝑛

𝑛−1
and all 𝑟 > 0.

(b) g𝑉(⋅, 𝑦) is a weak solution of

−𝐷𝑖

(
𝑈𝑖𝑗𝐷𝑗g𝑉(⋅, 𝑦)

)
= 𝛿𝑦 in 𝑉, g𝑉(⋅, 𝑦) = 0 on 𝜕𝑉,

that is, denoting 𝐷𝑗g𝑉(𝑥, 𝑦) = 𝐷𝑥𝑗
g𝑉(𝑥, 𝑦) =

𝜕

𝜕𝑥𝑗
g𝑉(𝑥, 𝑦), we have

∫𝑉 𝑈
𝑖𝑗𝐷𝑗g𝑉(𝑥, 𝑦)𝐷𝑖𝜓(𝑥) 𝑑𝑥 = 𝜓(𝑦) for all 𝜓 ∈ 𝐶∞

𝑐 (𝑉). (1.3)

We call g𝑉(⋅, 𝑦) theGreen’s function of the linearizedMonge–Ampère operator 𝐿𝑢 = 𝐷𝑖

(
𝑈𝑖𝑗𝐷𝑗

)
in 𝑉 with pole 𝑦. We set g𝑉(𝑦, 𝑦) = +∞.

Definition 1.3 (Proper sets). We call a nonempty open set𝑉 ⊂ ℝ𝑛 proper if𝑉 satisfies an exterior
cone condition at every boundary point. Examples of such proper sets include intersections of a
bounded convex domain Ω ⊂ ℝ𝑛 with sections of a convex function 𝑢 ∈ 𝐶1(Ω) or open balls.

Definition 1.4 (Lorentz spaces). Let Ω ⊂ ℝ𝑛 be bounded and open, and 𝑓 ∶ Ω⟶ ℝ be a
Lebesgue-measurable function. For 1 ⩽ 𝑝 < ∞ and 0 < 𝑞 ⩽ ∞, we define

‖𝑓‖𝐿𝑝,𝑞(Ω) ∶= ⎧⎪⎨⎪⎩
𝑝

1
𝑞

(
∫ ∞
0 𝑡𝑞|{𝑥 ∈ Ω ∶ |𝑓(𝑥)| > 𝑡}| 𝑞𝑝 𝑑𝑡

𝑡

) 1
𝑞

if 𝑞 < ∞,

sup𝑡>0 𝑡|{𝑥 ∈ Ω ∶ |𝑓(𝑥)| > 𝑡}|1∕𝑝 if 𝑞 = ∞.

The Lorentz space 𝐿𝑝,𝑞(Ω) consists of all Lebesgue-measurable functions 𝑓 defined onΩ such that‖𝑓‖𝐿𝑝,𝑞(Ω) < ∞. The Lorentz space 𝐿𝑝,∞ coincides with the weak 𝐿𝑝 space, and the Lorentz space
𝐿𝑝,𝑝 is the usual 𝐿𝑝 space.

Notation. We use 𝑐 = (∗, … ,⋆) and𝐶 = 𝐶(∗,… ,⋆) to denote positive constants 𝑐, 𝐶 depending on
the quantities appearing in the parentheses; theymay change from line to line. We use𝐷𝑖 = 𝜕∕𝜕𝑥𝑖

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70644 by Indiana U

niversity B
loom

ington, W
iley O

nline L
ibrary on [29/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 5 of 37

and𝐷𝑥𝑓(𝑥, 𝑦) to denote the gradient of 𝑓 in the 𝑥-variable. For a Lebesguemeasurable set𝐸 ⊂ ℝ𝑛,|𝐸| denotes its 𝑛-dimensional Lebesguemeasure. We use𝑛−1 to denote the (𝑛 − 1)-dimensional
Hausdorffmeasure. For a locally integrable function𝜇 ∶ ℝ𝑛 → ℝ, we can view it as a signedRadon
measure and denote |𝜇|(𝐴) = ∫𝐴 |𝜇|𝑑𝑥 for any Lebesgue measurable set 𝐴 ⊂ ℝ𝑛.
The rest of this paper will be organized as follows. We state our main results in Section 2. In

Section 3, we recall some background materials for our analysis and state a key estimate for the
Monge–Ampère gradient of the Green’s function. In Section 4, we will prove Theorems 2.1 and
2.2 on Lorentz space estimates for the Green’s function. In Section 5, we establish maximum prin-
ciples for linearized Monge–Ampère equation (1.1). We prove an interior Harnack inequality in
Theorem 2.3 and interior Hölder estimates for solutions to (1.1) in Section 6. The proof of Theo-
rem 2.4 on global Hölder estimates will be given in Section 7. We present an application to the
solvability of singular Abreu equations in Section 8.

2 STATEMENT OF THEMAIN RESULTS

In this section, we state our main results and give some brief comments on them.

2.1 Lorentz space estimates for the Green’s function

Our first main result establishes Lorentz space estimates for the Green’s function of the linearized
Monge–Ampère operator in compactly contained sections.

Theorem 2.1. Let 𝑢 ∈ 𝐶3(Ω) be a convex function satisfying (1.2), where Ω ⊂ ℝ𝑛. Assume
𝑆𝑢(𝑥0, 2ℎ) ⋐ Ω where 𝑥0 ∈ Ω and ℎ > 0. Let g𝑆𝑢(𝑥0,ℎ)(⋅, 𝑦) be the Green’s function of the linearized
Monge–Ampère operator 𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑆𝑢(𝑥0, ℎ) with pole 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ). Then, for 𝑡 > 0,

|{𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∶ |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦)| > 𝑡}|
⩽

{
𝐶𝑡−2(ℎ + logmax{𝑡, 1}) if 𝑛 = 2,

𝐶𝑡−
𝑛

𝑛−1 if 𝑛 ⩾ 3,

(2.1)

where 𝐶 = 𝐶(𝑛, 𝜆, Λ) > 0.
Consequently, for all 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ),

∙ if 𝑛 ⩾ 3, then

‖(𝐷2𝑢)−1∕2𝐷𝑥g𝑆𝑢(𝑥0,ℎ)(⋅, 𝑦)‖𝐿 𝑛
𝑛−1

,∞
(𝑆𝑢(𝑥0,ℎ))

⩽ 𝐶(𝑛, 𝜆, Λ); (2.2)

∙ if 𝑛 ⩾ 2 and 𝑝 ∈
(
1, 𝑛

𝑛−1

)
, then

∫𝑆𝑢(𝑥0,ℎ) |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦)|𝑝 𝑑𝑥 ⩽ 𝐶(𝑛, 𝜆, Λ, 𝑝)ℎ
𝑛
2
− 𝑛−1

2
𝑝. (2.3)
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6 of 37 GU and LE

Next, we state global analogues of estimates in Theorem 2.1 under suitable assumptions for
which Savin’s boundary localization theorem for the Monge–Ampère equation [38, Theorem 3.1]
is applicable.
Global structural assumptions. LetΩ ⊂ ℝ𝑛 be a convex domain and assume that there exists

a constant 𝜌 > 0 such that

Ω ⊂ 𝐵1∕𝜌(0) ⊂ ℝ𝑛 (2.4)

and for each 𝑦 ∈ 𝜕Ω,

there is an interior ball 𝐵𝜌(𝑧) ⊂ Ω such that 𝑦 ∈ 𝜕𝐵𝜌(𝑧). (2.5)

Let 𝑢 ∈ 𝐶1,1(Ω) ∩ 𝐶3(Ω) be a convex function satisfying

0 < 𝜆 ⩽ det𝐷2𝑢 ⩽ Λ in Ω. (2.6)

Assume further that on 𝜕Ω, 𝑢 separates quadratically from its tangent hyperplanes; namely, for
all 𝑥0, 𝑥 ∈ 𝜕Ω, we have

𝜌||𝑥 − 𝑥0
||2 ⩽ 𝑢(𝑥) − 𝑢(𝑥0) − 𝐷𝑢(𝑥0) ⋅ (𝑥 − 𝑥0) ⩽ 𝜌−1||𝑥 − 𝑥0

||2. (2.7)

Theorem 2.2. Assume that 𝑢 andΩ satisfy (2.4)–(2.7). Let𝑉 ⊂ Ω be open, proper, and contained in
a section 𝑆𝑢(𝑥0, ℎ) of 𝑢 of height ℎ > 0. Let g𝑉(⋅, 𝑦) be the Green’s function of the linearized Monge–
Ampère operator 𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑉 with pole 𝑦 ∈ 𝑉. Then, for 𝑡 > 0,

|{𝑥 ∈ 𝑉 ∶ |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑉(𝑥, 𝑦)| > 𝑡}| ⩽ {
𝐶𝑡−2(ℎ + logmax{𝑡, 1}) if 𝑛 = 2,

𝐶𝑡−
𝑛

𝑛−1 if 𝑛 ⩾ 3,
(2.8)

where 𝐶 = 𝐶(𝑛, 𝜆, Λ, 𝜌) > 0.
Consequently, for all 𝑦 ∈ 𝑉,

∙ if 𝑛 ⩾ 3, then

‖(𝐷2𝑢)−1∕2𝐷𝑥g𝑉(⋅, 𝑦)‖𝐿 𝑛
𝑛−1

,∞
(𝑉)

⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌). (2.9)

∙ if 𝑛 ⩾ 2 and 𝑝 ∈
(
1, 𝑛

𝑛−1

)
, then

∫𝑉 |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑉(𝑥, 𝑦)|𝑝 𝑑𝑥 ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌, 𝑝)ℎ
𝑛
2
− 𝑛−1

2
𝑝. (2.10)

Under the assumptions (2.4)–(2.7), by [27, Lemma 9.7], there exists𝑀 = 𝑀(𝑛, 𝜆, Λ, 𝜌) > 0 such
that

Ω ⊂ 𝑆𝑢(𝑥0,𝑀) for all 𝑥0 ∈ Ω.

Therefore,Ω is a section of 𝑢with height comparable to 1 and Theorem 2.2 is applicable to𝑉 = Ω.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 7 of 37

2.2 Applications of Lorentz space estimates to the linearized
Monge–Ampère equations

Applying Theorem 2.1 and the Caffarelli–Gutiérrez Harnack inequality (Theorem 6.1), we obtain
a Harnack inequality for nonnegative solutions to (1.1).

Theorem2.3. LetΩ ⊂ ℝ𝑛 and𝑢 ∈ 𝐶3(Ω) be a convex function satisfying (1.2). Let𝐅 ∈ 𝑊1,𝑛
loc (Ω;ℝ

𝑛)

and 𝜇 ∈ 𝐿𝑛loc(Ω). Suppose that 𝑆𝑢(𝑥0, 2ℎ) ⋐ Ω where 𝑥0 ∈ Ω and ℎ > 0. Let 𝑣 ∈ 𝑊2,𝑛
loc (𝑆𝑢(𝑥0, ℎ)) ∩

𝐶(𝑆𝑢(𝑥0, ℎ)) be a nonnegative solution to

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 in 𝑆𝑢(𝑥0, ℎ).

(i) Assume 𝑛 ⩾ 3, 𝜇 = 0, and (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑛,1(𝑆𝑢(𝑥0, ℎ); ℝ
𝑛). Then,

sup
𝑆𝑢(𝑥0,ℎ∕2)

𝑣 ⩽ 𝐶(𝑛, 𝜆, Λ)

(
inf

𝑆𝑢(𝑥0,ℎ∕2)
𝑣 + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑛,1(𝑆𝑢(𝑥0,ℎ))). (2.11)

(ii) Assume that (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(𝑆𝑢(𝑥0, ℎ); ℝ
𝑛) for some 𝑞 > 𝑛 and there exist 𝑀0 ⩾ 0 and 𝜀 > 0

such that

|𝜇|(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀 for all sections 𝑆𝑢(𝑧, 𝑠) ⋐ 𝑆𝑢(𝑥0, 2ℎ). (2.12)

Then,

sup
𝑆𝑢(𝑥0,ℎ∕2)

𝑣 ⩽ 𝐶(𝑛, 𝜆, Λ)

(
inf

𝑆𝑢(𝑥0,ℎ∕2)
𝑣 + 𝐶∗‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆𝑢(𝑥0,ℎ))ℎ 𝑞−𝑛

2𝑞 + 𝐶⋆𝑀0ℎ
𝜀

)
, (2.13)

where 𝐶∗ = 𝐶∗(𝑛, 𝜆, Λ, 𝑞) > 0 and 𝐶⋆ = 𝐶⋆(𝑛, 𝜆, Λ, 𝜀) > 0.

Next, we discuss Hölder continuity of solutions to (1.1). Theorem 2.3 allows us to give a new
proof of the interior Hölder estimates for (1.1) when (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(Ω;ℝ𝑛) for some 𝑞 > 𝑛 and
𝜇 ∈ 𝐿𝑛(Ω) satisfying (2.12). These estimates are stated in Theorem 6.2. They were first proved by
Wang [45, Theorem 1.5] and Cui–Wang–Zhou [8, Theorem 1.2]. Moreover, we are able to obtain
the following global Hölder estimates.

Theorem 2.4. Let Ω be a uniformly convex domain in ℝ𝑛, that is, for all 𝑧 ∈ 𝜕Ω, there is a ball
𝐵𝑅(𝑧0) such that Ω ⊂ 𝐵𝑅(𝑧0) and 𝜕Ω ∩ 𝜕𝐵𝑅(𝑧0) = {𝑧} for some uniform convexity radius 𝑅 > 0.
Let 𝜕Ω ∈ 𝐶3 and 𝑢 ∈ 𝐶1,1(Ω) ∩ 𝐶3(Ω) be a convex function satisfying (1.2) and 𝑢|𝜕Ω ∈ 𝐶3. Assume
𝐅 ∈ 𝑊1,𝑛(Ω;ℝ𝑛), 𝜇 ∈ 𝐿𝑛(Ω), and 𝜙 ∈ 𝐶𝛼(𝜕Ω) for some 𝛼 ∈ (0, 1). Let 𝑣 ∈ 𝑊2,𝑛

loc (Ω) ∩ 𝐶(Ω) be the
solution to

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 inΩ, 𝑣 = 𝜙 on 𝜕Ω.

Assume (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(Ω;ℝ𝑛) for some 𝑞 > 𝑛, and there exist𝑀0 ⩾ 0 and 𝜀 > 0 such that

|𝜇|(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀 for all sections 𝑆𝑢(𝑧, 𝑠) ⊂ Ω. (2.14)
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8 of 37 GU and LE

Then, there exists 𝛽 = 𝛽(𝑛, 𝜆, Λ, 𝑞, 𝜀, 𝛼) ∈ (0, 1) such that

‖𝑣‖
𝐶𝛽(Ω)

⩽ 𝐶
(‖𝜙‖𝐶𝛼(𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0

)
,

where 𝐶 > 0 depends only on 𝑛, 𝜆, Λ, 𝑞, 𝜀, 𝛼, ‖𝑢‖𝐶3(𝜕Ω), 𝑅, and the 𝐶3 regularity of 𝜕Ω.

As an application of Theorem 2.4, we obtain in Section 8 the solvability of the second boundary
value problem for singular fourth-order Abreu-type equations, some of which in dimensions at
least three are not accessible by previous approaches.

2.3 Comments

We briefly comment on our results, assumptions, and methods of the proofs.

Remark 2.5. Some remarks on the results are in order.

(1) Under assumption (1.2), when 𝑦 = 𝑥0 and the integral over the whole section 𝑆𝑢(𝑥0, ℎ) in
inequality (2.3) is replaced by one over 𝑆𝑢(𝑥0, ℎ∕2), Maldonado [34, Theorem 1.1] established
the following estimate by a different method:

∫𝑆𝑢(𝑥0,ℎ∕2) |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑥0)|𝑝 𝑑𝑥 ⩽ 𝐶(𝑛, 𝜆, Λ, 𝑝)ℎ
𝑛
2
− 𝑛−1

2
𝑝.

(2) When 𝑛 ⩾ 3, the exponent 𝑛

2
− 𝑛−1

2
𝑝 in (2.3) comes from applying (2.2) and the Hölder

inequality in Lorentz spaces together with the volume estimates for sections. For the same
reason, the exponent 𝑞−𝑛

2𝑞
in (2.13) comes from (2.11).

(3) It would be interesting to remove the logarithmic terms in Theorems 2.1 and 2.2 in dimension
2.

(4) By applying Theorem 2.2 and the boundary Harnack inequality for the linearized Monge–
Ampère equation [21], we can obtain a boundary analog of Theorem 2.3.

Remark 2.6. We comment briefly on some assumptions.

(1) In Theorems 2.3 and 2.4, we assume the vector field𝐅 to be in𝑊1,𝑛 and themeasure 𝜇 to be an
𝐿𝑛 function only to use the representation formula (3.1) involving the Green’s function, div𝐅,
and 𝜇. However, our estimates will not depend on this regularity of 𝐅 and 𝜇. In particular,
they do not depend on ‖𝜇‖𝐿𝑛 in Theorem 2.4. Note that

|𝜇|(𝑆𝑢(𝑧, 𝑠)) ⩽ ‖𝜇‖𝐿𝑛(Ω)|𝑆𝑢(𝑧, 𝑠)| 𝑛−1𝑛 ⩽ 𝐶(𝑛, 𝜆)‖𝜇‖𝐿𝑛(Ω)𝑠 𝑛−12 .

(2) As will be seen in applications (see Lemma 3.5 and Theorem 8.1), when 𝜇 = div𝐅0 for a vec-
tor field 𝐅0 ∈ 𝑊1,𝑛(Ω;ℝ𝑛) ∩ 𝐿∞(Ω;ℝ𝑛) such that 𝜇 has a definite sign,𝑀0 will be chosen to
depend on ‖𝐅0‖𝐿∞(Ω) rather than on ‖ div𝐅0‖𝐿𝑛(Ω). This is the case of 𝐅0 being the gradient
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 9 of 37

of a convex or concave function. We do not pursue the issue of finding optimal regularity
conditions on 𝐅 and 𝜇 in this paper.

Remark 2.7. We comment briefly on the methods of the proofs.

(1) The key idea in the proofs of Theorems 2.1 and 2.2 is to estimate the distribution function for
theMonge–Ampère gradient (𝐷2𝑢)−1∕2𝐷g of the Green’s function g of the linearizedMonge–
Ampère operator via estimates of the distribution function of g (see Proposition 3.10) and
then optimize. This allows us to take advantage of results for the distribution function of g
that have been developed so far. Though simple, this idea can be applicable to more general
elliptic operators in divergence form.

(2) In the proofs of Theorems 2.3 and 2.4, we follow the framework in [27, Chapter 15] for
linearized Monge–Ampère equations in divergence form and use the Caffarelli–Gutiérrez
Harnack inequality, Savin’s boundary localization theorem, and maximum principles (such
as Propositions 5.1 and 5.3) to estimate solutions with prescribed boundary values.

(3) In the course of proving the maximum principles such as (5.3), instead of working
with 𝐷𝑥g𝑆ℎ (⋅, 𝑦) ⋅ 𝐅, we work with (𝐷2𝑢)−1∕2𝐷𝑥g𝑆ℎ (⋅, 𝑦) ⋅ (𝐷

2𝑢)1∕2𝐅. The integrability of the
Monge–Ampère gradient of the Green’s function in Theorems 2.1 and 2.2 explains the
assumed integrability of (𝐷2𝑢)1∕2𝐅 and this seems to be optimal without further restrictions.
On the other hand, when 𝜇 is a Radonmeasurewith certainmeasure growth of the total varia-
tion |𝜇| on sections, the layer-cake formula can be used to obtain uniform estimates; see (5.7).
For this, our refined control on the shape of the superlevel sets of the Green’s function proves
to be crucial.

3 PRELIMINARIES AND A KEY ESTIMATE

In this section, we recall some properties of sections of solutions to the Monge–Ampère equa-
tion and the Green’s functions of the linearizedMonge–Ampère operator and state a key estimate
for the Monge–Ampère gradient of the Green’s function.
We will frequently use the following volume estimates; see [27, Lemmas 5.6 and 5.8].

Lemma 3.1 (Volume estimates for sections). Let 𝑢 ∈ 𝐶2(Ω) be a convex function satisfying (1.2) on
a bounded convex domainΩ ⊂ ℝ𝑛. Let 𝑥 ∈ Ω and ℎ > 0. Then

|𝑆𝑢(𝑥, ℎ)| ⩽ 𝐶(𝑛)𝜆−1∕2ℎ𝑛∕2.

If 𝑆𝑢(𝑥, ℎ) ⋐ Ω, then

𝑐(𝑛)Λ−1∕2ℎ𝑛∕2 ⩽ |𝑆𝑢(𝑥, ℎ)|,
where 𝑐, 𝐶 are positive constants depending only on 𝑛.

Note that if 𝑆𝑢(𝑥0, ℎ) ⋐ Ω, then the convexity of 𝑢 implies that 𝑆𝑢(𝑥0, ℎ) is a bounded convex
domain and 𝑢(𝑥) = 𝑢(𝑥0) + 𝐷𝑢(𝑥0) ⋅ (𝑥 − 𝑥0) + ℎ on 𝜕𝑆𝑢(𝑥0, ℎ).
We also need the following geometric property of sections; see [27, Theorem 5.30].
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10 of 37 GU and LE

Theorem 3.2 (Inclusion property of interior sections). Let 𝑢 ∈ 𝐶2(Ω) be a convex function satisfy-
ing (1.2). Then, there exist constants 𝑐0(𝑛, 𝜆, Λ) > 0 and 𝑝1(𝑛, 𝜆, Λ) ⩾ 1 with the following property.
Assume 𝑆𝑢 (𝑥0, 2𝑡) ⋐ Ω and 0 < 𝑟 < 𝑠 ⩽ 1. If 𝑥1 ∈ 𝑆𝑢 (𝑥0, 𝑟𝑡), then

𝑆𝑢(𝑥1, 𝑐0(𝑠 − 𝑟)𝑝1𝑡) ⊂ 𝑆𝑢(𝑥0, 𝑠𝑡).

We collect here some facts on the Green’s function of the linearized Monge–Ampère operator;
see [27, Chapter 14] for more details.

Remark 3.3. We will use the following properties of the Green’s functions in the setting of
Definition 1.2.

(1) By approximation arguments, we can use 𝜓 ∈ 𝑊1,2
0
(𝑉) ∩ 𝐶(𝑉) as test functions to (1.3).

(2) (Representation formula) Assume that 𝑉 is proper. If 𝜑 ∈ 𝐿𝑛(𝑉), then there exists a unique
solution 𝜓 ∈ 𝑊2,𝑛

loc (𝑉) ∩𝑊1,2
0
(𝑉) ∩ 𝐶(𝑉) to

−𝑈𝑖𝑗𝐷𝑖𝑗𝜓 = 𝜑 in 𝑉 and 𝜓 = 0 on 𝜕𝑉.

Use 𝜓 as a test function to (1.3), then the following holds:

𝜓(𝑦) = ∫𝑉 g𝑉(⋅, 𝑦)𝜑 𝑑𝑥. (3.1)

We also need the following regularity of the Green’s function away from the pole.

Proposition 3.4. Let 𝑢,Ω, and 𝑉 satisfy one of the following sets of conditions:

(1) Ω is bounded convex domain in ℝ𝑛, 𝑢 ∈ 𝐶3(Ω) is a convex function satisfying (1.2), and 𝑉 ⋐ Ω

is open.
(2) 𝑢 andΩ satisfy (2.4)–(2.7), and 𝑉 ⊂ Ω is open.

Let g𝑉(⋅, 𝑥0) be the Green’s function of 𝐿𝑢 = 𝐷𝑖

(
𝑈𝑖𝑗𝐷𝑗

)
in 𝑉 with pole 𝑥0 ∈ 𝑉.

∙ If 𝐸 ⋐ 𝑉∖ {𝑥0}, then g𝑉(⋅, 𝑥0) ∈ 𝑊2,𝑛
loc
(𝐸) ∩𝑊1,2(𝐸) ∩ 𝐶(𝐸) and 𝐿𝑢g𝑉(⋅, 𝑥0) = 0 in 𝐸.

∙ Assume that 𝑉 is proper. Then, g𝑉(⋅, 𝑥0) ∈ 𝐶
(
𝑉 ⧵ 𝐵𝑟 (𝑥0)

)
for all 𝑟 > 0.

We state a global Hölder gradient estimate for the Monge–Ampère equation and verify (2.14)
under natural conditions that are suitable for applications.

Lemma 3.5. Assume that 𝑢 andΩ satisfy (2.4)–(2.7). There exists 𝛼 = 𝛼(𝑛, 𝜆, Λ) ∈ (0, 1) such that
the following statements hold.

(i) There exists 𝐶∗ = 𝐶∗(𝑛, 𝜆, Λ, 𝜌) > 0 such that

[𝐷𝑢]
𝐶𝛼(Ω)

∶= sup
𝑥≠𝑦∈Ω

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑦)|∕|𝑥 − 𝑦|𝛼 ⩽ 𝐶∗. (3.2)

(ii) Let 𝑆𝑢(𝑥0, 𝑡0) be a section of 𝑢 with 𝑥0 ∈ Ω and 𝑡0 > 0. Then,

𝑛−1(𝜕𝑆𝑢(𝑥0, 𝑡0)) ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌)𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
. (3.3)
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 11 of 37

Consequently, if 𝐅 ∈ 𝑊1,𝑛(Ω;ℝ𝑛) ∩ 𝐿∞(Ω;ℝ𝑛) and 𝜇𝐅 ∶= div𝐅 has a definite sign, then

|𝜇𝐅|(𝑆𝑢(𝑥0, 𝑡0)) ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌)‖𝐅‖𝐿∞(𝑆𝑢(𝑥0,𝑡0))
𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
. (3.4)

For the proof of Lemma 3.5 (ii), we will use the following observation in Cui–Wang–Zhou [8,
Lemma 4.4].

Lemma 3.6. Let 𝑋 ⊂ ℝ𝑛 be a bounded convex domain containing an open ball 𝐵𝑟(𝑥0). Then

𝑛−1(𝜕𝑋) ⩽
𝑛|𝑋|
𝑟

.

In [8, Lemma 4.4], the lemma was proved for 𝜕𝑋 smooth. However, it is still valid for general
bounded convex domain 𝑋. To see this, let {𝑋𝑚}

∞
𝑚=1

be a sequence of uniformly convex domains
with 𝐶∞ boundaries such that 𝑋𝑚 converges to 𝑋 in the Hausdorff distance; see [27, Theorem
2.51]. Then applying [8, Lemma 4.4] to 𝑋𝑚 and letting𝑚 → ∞, we obtain the stated estimate.

Proof of Lemma 3.5. By the global 𝐶1,𝛼 estimates for 𝑢 (see [27, Theorem 9.5]), there exist
𝛼(𝑛, 𝜆, Λ) ∈ (0, 1) and 𝐶∗(𝑛, 𝜆, Λ, 𝜌) such that (3.2) holds.
From the mean value theorem, (3.2) easily implies that

𝐵
𝐶
−1∕(1+𝛼)
∗ ℎ1∕(1+𝛼)

(𝑥) ⊂ 𝑆𝑢(𝑥, ℎ) whenever 𝑆𝑢(𝑥, ℎ) ⋐ Ω. (3.5)

By the dichotomy of sections in [27, Proposition 9.8], one of the following is true:

(a) 𝑆𝑢(𝑥0, 2𝑡0) ⊂ Ω.
(b) There exist 𝑧 ∈ 𝜕Ω and a constant 𝑐(𝑛, 𝜆, Λ, 𝜌) > 1 such that 𝑆𝑢(𝑥0, 2𝑡0) ⊂ 𝑆𝑢(𝑧, 𝑐𝑡0).

Suppose (a) is true. Then, by Lemma 3.6 and the volume estimates in Lemma 3.1, we have

𝑛−1(𝜕𝑆𝑢(𝑥0, 𝑡0)) ⩽
𝑛|𝑆𝑢(𝑥0, 𝑡0)|

𝐶
−1∕(1+𝛼)
∗ 𝑡

1∕(1+𝛼)
0

⩽
𝐶(𝑛, 𝜆)𝑡

𝑛∕2
0

𝐶
−1∕(1+𝛼)
∗ 𝑡

1∕(1+𝛼)
0

= 𝐶(𝑛, 𝜆, Λ, 𝜌)𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
.

Suppose that (b) is true. If 𝑐𝑡0 < 𝑐 where 𝑐 = 𝑐(𝑛, 𝜆, Λ, 𝜌) > 0 is small, then, [27, (9.11)] gives

𝑆𝑢(𝑧, 𝑐𝑡0) ⊂ 𝐵
𝐶𝑡

1∕2
0

| log 𝑡0|(𝑧).
By the monotonicity of the surface measure with respect to inclusion of convex sets (see [27,
Lemma 2.71]), we have

𝑛−1(𝜕𝑆𝑢(𝑥0, 𝑡0)) ⩽ 𝑛−1(𝜕𝐵
𝐶𝑡

1∕2
0

| log 𝑡0|(𝑧)) ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌)𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
.

If 𝑐𝑡0 > 𝑐, then, again by [27, Lemma 2.71], we have

𝑛−1(𝜕𝑆𝑢(𝑥0, 𝑡0)) ⩽ 𝑛−1(𝜕Ω) ⩽ 𝑛−1(𝜕𝐵𝜌(0)) ⩽ 𝐶(𝑛)𝜌𝑛−1 ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌)𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
.
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12 of 37 GU and LE

We have established (3.3) in all cases.
To prove (3.4), we can assume without loss of generality that 𝜇𝐅 ⩾ 0. Let 𝜈 be the outer unit

normal vector field on 𝜕𝑆𝑢(𝑥0, 𝑡0). Then, the divergence theorem gives

|𝜇𝐅|(𝑆𝑢(𝑥0, 𝑡0)) = ∫𝑆𝑢(𝑥0,𝑡0) div𝐅𝑑𝑥 = ∫𝜕𝑆𝑢(𝑥0,𝑡0) 𝐅 ⋅ 𝜈 𝑑𝑛−1

⩽ ‖𝐅‖𝐿∞(𝑆𝑢(𝑥0,𝑡0))
𝑛−1(𝜕𝑆𝑢(𝑥0, 𝑡0))

⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌)‖𝐅‖𝐿∞(𝑆𝑢(𝑥0,𝑡0))
𝑡
𝑛−2
2
+ 𝛼
𝛼+1

0
.

The lemma is proved. □

For later references, we record here an easy consequence of the Hölder inequality and the
volume estimates in Lemma 3.1.

Remark 3.7. Assume that 𝑢 and Ω satisfy (2.4)–(2.7) and 𝜇 ∈ 𝐿𝑞(Ω) where 𝑞 > 𝑛∕2. Then, for all
𝑥0 ∈ Ω and 𝑡0 > 0, we have

|𝜇|(𝑆𝑢(𝑥0, 𝑡0)) ⩽ 𝐶(𝑛, 𝑞, 𝜆, Λ, 𝜌)‖𝜇‖𝐿𝑞(𝑆𝑢(𝑥0,𝑡0))𝑡 𝑛2 − 𝑛
2𝑞

0
.

We will use the following Hölder inequality in Lorentz spaces, due to O’Neil [35].

Theorem 3.8 (Hölder inequality in Lorentz spaces). Let Ω ⊂ ℝ𝑛 be open. Let 𝑓, g ∶ Ω⟶ ℝ be
two Lebesgue-measurable functions. Suppose 1 ⩽ 𝑝1, 𝑝2, 𝑝 < ∞ and 0 < 𝑞1, 𝑞2, 𝑞 ⩽ ∞ satisfy 1

𝑝
=

1

𝑝1
+ 1

𝑝2
and 1

𝑞
= 1

𝑞1
+ 1

𝑞2
. If ‖𝑓‖𝐿𝑝1,𝑞1 (Ω) < ∞ and ‖g‖𝐿𝑝2,𝑞2 (Ω) < ∞, then

‖𝑓g‖𝐿𝑝,𝑞(Ω) ⩽ 𝐶(𝑝1, 𝑝2, 𝑞1, 𝑞2)‖𝑓‖𝐿𝑝1,𝑞1 (Ω)‖g‖𝐿𝑝2,𝑞2 (Ω).
We recall the layer-cake formula (see [27, Lemma 2.75]).

Lemma 3.9 (The layer-cake formula). Let𝐸 ⊂ ℝ𝑛 be a Borel set and let 𝑣 ∶ 𝐸 → ℝ be ameasurable
function. Assume that 𝜇 ∶ 𝐸 → ℝ is an integrable, nonnegative function. Let us also use 𝜇 for the
measure with density 𝜇(𝑥). Then,

∫𝐸 |𝑣(𝑥)|𝜇(𝑥) 𝑑𝑥 = ∫
∞

0
𝜇(𝐸 ∩ {|𝑣| > 𝑡}) 𝑑𝑡,

and for 𝑝 ∈ (1,∞), we have

∫𝐸 |𝑣(𝑥)|𝑝 𝑑𝑥 = 𝑝 ∫
∞

0
𝑡𝑝−1|𝐸 ∩ {|𝑣| > 𝑡}|𝑑𝑡.

The following proposition is our key estimate. It allows us to estimate the distribution func-
tion for the Monge–Ampère gradient of the Green’s function g via estimates of the distribution
function of g .
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 13 of 37

Proposition 3.10. LetΩ ⊂ ℝ𝑛 and let 𝑉 ⊂ Ω be open and proper. Let 𝑢 ∈ 𝐶3(Ω) be a convex func-
tion satisfying det𝐷2𝑢 ⩾ 𝜆 > 0. Let g𝑉(⋅, 𝑦) be the Green’s function of the linearized Monge–Ampère
operator 𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑉 with pole 𝑦 ∈ 𝑉. Then for all 𝑦 ∈ 𝑉 and constants 𝑘, 𝑡 > 0, we have

|{𝑥 ∈ 𝑉 ∶ |(𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑉(𝑥, 𝑦)| > 𝑡}| ⩽ 𝑘

𝜆𝑡2
+ |{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑘}|. (3.6)

Proof. Fix 𝑦 ∈ 𝑉. Let

𝜉 ∶= g𝑉(⋅, 𝑦) and 𝜙(𝑥) ∶= (𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑉(𝑥, 𝑦).

To simplify, we use this notation

{|𝜙| > 𝑠} ∶= {𝑥 ∈ 𝑉 ∶ |𝜙(𝑥)| > 𝑠}, {𝜉 > 𝑠} ∶= {𝑥 ∈ 𝑉 ∶ 𝜉(𝑥) > 𝑠}.

For constants 𝑡, 𝑘 > 0, we have

{|𝜙| > 𝑡} ⊂ {𝜉 > 𝑘} ∪ ({|𝜙| > 𝑡} ∩ {𝜉 ⩽ 𝑘}). (3.7)

We claim that

∫{𝜉⩽𝑘} 𝑈
𝑖𝑗𝐷𝑖𝜉𝐷𝑗𝜉 𝑑𝑥 = 𝑘. (3.8)

This identity appears in various forms in [27] such as Equations (14.23) and (14.71) there. For the
reader’s convenience, we include its proof. Indeed, let

𝜉𝑘 ∶= min{𝜉, 𝑘}.

Then, 𝜉𝑘 = 𝜉 in {𝜉 < 𝑘} and 𝐷𝜉𝑘 = 0 in {𝜉 > 𝑘}. From Proposition 3.4, 𝜉𝑘 ∈ 𝑊1,2
0
(𝑉) ∩ 𝐶(𝑉).

Remark 3.3 tells that we can use 𝜉𝑘 as a test function in (1.3), so

𝑘 = 𝜉𝑘(𝑦) = ∫𝑉 𝑈
𝑖𝑗𝐷𝑖𝜉𝐷𝑗𝜉𝑘 𝑑𝑥 = ∫{𝜉⩽𝑘} 𝑈

𝑖𝑗𝐷𝑖𝜉𝐷𝑗𝜉 𝑑𝑥.

Thus, (3.8) is proved as claimed.
Using (3.8) and recalling |𝜙|2 = (𝐷2𝑢)−1𝐷𝜉 ⋅ 𝐷𝜉, we have

||{|𝜙| > 𝑡} ∩ {𝜉 ⩽ 𝑘}|| ⩽ ∫{𝜉⩽𝑘}
|𝜙|2
𝑡2

𝑑𝑥 = ∫{𝜉⩽𝑘}
(𝐷2𝑢)−1𝐷𝜉 ⋅ 𝐷𝜉

𝑡2
𝑑𝑥

= 𝑡−2 ∫{𝜉⩽𝑘}(det 𝐷
2𝑢)−1𝑈𝑖𝑗𝐷𝑖𝜉𝐷𝑗𝜉 𝑑𝑥

⩽
𝑘

𝜆𝑡2
.

(3.9)

The proposition follows from (3.7) and (3.9). □
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14 of 37 GU and LE

4 LORENTZ SPACE ESTIMATES FOR THE GREEN’S FUNCTION

In this section, we prove Theorems 2.1 and 2.2.
For Theorem 2.1, we first establish geometric controls andmeasure estimates for the superlevel

sets of the Green’s function g𝑆𝑢(𝑥0,ℎ)(⋅, 𝑦) for compactly contained sections 𝑆𝑢(𝑥0, ℎ). This lemma
extends [27, Theorem 14.11] into the weak 𝐿𝑝 space at the end point 𝑝 = 𝑛∕(𝑛 − 2) when 𝑛 ⩾ 3.

Lemma 4.1. Let 𝑢 ∈ 𝐶3(Ω) be a convex function satisfying (1.2), where Ω ⊂ ℝ𝑛. Assume
𝑆𝑢 (𝑥0, 2ℎ) ⋐ Ω where 𝑥0 ∈ Ω and ℎ > 0. Let g𝑆𝑢(𝑥0,ℎ)(⋅, 𝑦) be the Green’s function of the linearized
Monge–Ampère operator 𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑆𝑢(𝑥0, ℎ) with pole 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ). There exist constants
𝜂(𝑛, 𝜆, Λ) ∈ (0, 1) and 𝜏0(𝑛, 𝜆, Λ) > 1 such that the following statements hold.

(i) For all 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ), we have 𝑆𝑢(𝑦, 2𝜂ℎ) ⋐ 𝑆𝑢(𝑥0, 2ℎ) and for all 𝑡 > 𝜏0ℎ
−𝑛−2

2 ,

{𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∶ g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦) > 𝑡} ⊂

{
𝑆𝑢(𝑦, 2𝜂ℎ2

−𝑡∕𝜏0) if 𝑛 = 2,

𝑆𝑢(𝑦, (4𝜏0)
2

𝑛−2 𝑡−
2

𝑛−2 ) if 𝑛 ⩾ 3.
(4.1)

(ii) For all 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ) and 𝑡 > 0, we have

|{𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∶ g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦) > 𝑡}| ⩽ {
𝐶(𝜆, Λ)ℎ2−𝑡∕𝜏0 if 𝑛 = 2,

𝐶(𝑛, 𝜆, Λ)𝑡−
𝑛

𝑛−2 if 𝑛 ⩾ 3.
(4.2)

As a consequence, if 𝑛 ⩾ 3, then

‖g𝑆𝑢(𝑥0,ℎ)(⋅, 𝑦)‖𝐿 𝑛
𝑛−2

,∞
(𝑆𝑢(𝑥0,ℎ))

⩽ 𝐶(𝑛, 𝜆, Λ).

Proof. The inclusion property of interior sections (Theorem 3.2) shows that there is a constant
𝜂 = 𝜂(𝑛, 𝜆, Λ) ∈ (0, 1) such that 𝑆𝑢(𝑦, 2𝜂ℎ) ⋐ 𝑆𝑢(𝑥0, 2ℎ) for any 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ). Let

g̃(𝑥) ∶= g𝑆𝑢(𝑥0,2ℎ)(𝑥, 𝑦) − g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦).

As observed at the beginning of the proof of [27, Lemma 14.7], we have g̃ ∈ 𝑊2,𝑛
loc (𝑆𝑢(𝑥0, ℎ)) ∩

𝐶(𝑆𝑢(𝑥0, ℎ)) and it satisfies

𝑈𝑖𝑗𝐷𝑖𝑗 g̃ = 0 in 𝑆𝑢(𝑥0, ℎ) and g̃ ⩾ 0 on 𝜕𝑆𝑢(𝑥0, ℎ).

The Aleksandrov–Bakelman–Pucci (ABP) maximum principle (see [13, Theorem 9.1]) shows that
g̃ ⩾ 0 in 𝑆𝑢(𝑥0, ℎ). Thus,

g𝑆𝑢(𝑥0,2ℎ)(𝑥, 𝑦) ⩾ g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦) ⩾ 0 for all 𝑥 ∈ 𝑆𝑢(𝑥0, ℎ).

Consequently, we have for all 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ) and 𝑡 > 0,

{𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∶ g𝑆𝑢(𝑥0,ℎ)(𝑥, 𝑦) > 𝑡} ⊂ {𝑥 ∈ 𝑆𝑢(𝑥0, 2ℎ) ∶ g𝑆𝑢(𝑥0,2ℎ)(𝑥, 𝑦) > 𝑡}. (4.3)

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70644 by Indiana U

niversity B
loom

ington, W
iley O

nline L
ibrary on [29/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 15 of 37

To simplify, we denote 𝑆 ∶= 𝑆𝑢(𝑥0, 2ℎ). Fix 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ). By [27, Lemma 14.10], we have

{𝑥 ∈ 𝑆 ∶ g𝑆(𝑥, 𝑦) > 𝜏(2ℎ)−
𝑛−2
2 } ⊂

{
𝑆𝑢(𝑦, 2𝜂ℎ2

−𝜏∕𝜏0) if 𝑛 = 2,

𝑆𝑢(𝑦, 2(4𝜏0𝜏
−1)

2
𝑛−2 ℎ) if 𝑛 ⩾ 3,

for all 𝜏 > 𝜏0 = 𝐶1𝜂
−𝑛∕2 > 1, where 𝐶1 = 𝐶1(𝑛, 𝜆, Λ) > 0 is large.

It follows that

{𝑥 ∈ 𝑆 ∶ g𝑆(𝑥, 𝑦) > 𝑡} ⊂

{
𝑆𝑢(𝑦, 2𝜂ℎ2

−𝑡∕𝜏0) if 𝑛 = 2,

𝑆𝑢(𝑦, (4𝜏0)
2

𝑛−2 𝑡−
2

𝑛−2 ) if 𝑛 ⩾ 3
if 𝑡 > 𝜏0ℎ

−𝑛−2
2 . (4.4)

From (4.3) and (4.4), we obtain (4.1). Part (i) is proved.
From the volume estimates of sections in Lemma 3.1, we obtain for some 𝐶2(𝑛, 𝜆, Λ) > 0 and

all 𝑡 > 𝜏0ℎ
−𝑛−2

2 ,

|{𝑥 ∈ 𝑆 ∶ g𝑆(𝑥, 𝑦) > 𝑡}| ⩽ {|𝑆𝑢(𝑦, 2𝜂ℎ2−𝑡∕𝜏0)| ⩽ 𝐶2ℎ2
−𝑡∕𝜏0 if 𝑛 = 2,|𝑆𝑢(𝑦, (4𝜏0) 2

𝑛−2 𝑡−
2

𝑛−2 )| ⩽ 𝐶2𝑡
− 𝑛
𝑛−2 if 𝑛 ⩾ 3.

(4.5)

Consider 𝑛 = 2. If 0 < 𝑡 ⩽ 𝜏0, then using Lemma 3.1, we have

|{𝑥 ∈ 𝑆 ∶ g𝑆(𝑥, 𝑦) > 𝑡}| ⩽ |𝑆| ⩽ 𝐶3(𝜆)ℎ ⩽ 2𝐶3ℎ2
−𝑡∕𝜏0 . (4.6)

From (4.3), (4.5) and (4.6), by choosing 𝐶 = max{𝐶2, 2𝐶3}, we obtain (4.2) for 𝑛 = 2.
Consider now 𝑛 ⩾ 3. If 0 < 𝑡 ⩽ 𝜏0ℎ

−𝑛−2
2 , then using Lemma 3.1, we have

|{𝑥 ∈ 𝑆 ∶ g𝑆(𝑥, 𝑦) > 𝑡}| ⩽ |𝑆| ⩽ 𝐶4(𝑛, 𝜆)ℎ
𝑛∕2 ⩽ 𝐶4(𝑛, 𝜆, Λ)𝑡

− 𝑛
𝑛−2 . (4.7)

From (4.3), (4.5), and (4.7), by choosing 𝐶 = max{𝐶2, 𝐶4}, we obtain (4.2) for 𝑛 ⩾ 3. Part (ii) is
proved. The proof of the lemma is complete. □

Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. Denote 𝑆ℎ ∶= 𝑆𝑢(𝑥0, ℎ). Fix 𝑦 ∈ 𝑆ℎ. Let

𝜉(𝑥) ∶= g𝑆ℎ (𝑥, 𝑦) and 𝜙(𝑥) ∶= (𝐷2𝑢(𝑥))−1∕2𝐷𝑥g𝑆ℎ (𝑥, 𝑦).

Step 1:We first prove (2.1) from which (2.2) follows.
We will use Proposition 3.10, so it remains to estimate the measure |{𝑥 ∈ 𝑆ℎ ∶ 𝜉(𝑥) > 𝑘}| from

above and then optimize over 𝑘.
Combining Proposition 3.10 and Lemma 4.1, we obtain for all 𝑘 > 0 and 𝑡 > 0

||{𝑥 ∈ 𝑆ℎ ∶ |𝜙(𝑥)| > 𝑡}|| ⩽
{

𝑘

𝜆𝑡2
+ 𝐶1(𝜆, Λ)ℎ2

−𝑘∕𝜏0 if 𝑛 = 2,
𝑘

𝜆𝑡2
+ 𝐶1(𝑛, 𝜆, Λ)𝑘

− 𝑛
𝑛−2 if 𝑛 ⩾ 3,

(4.8)
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16 of 37 GU and LE

where 𝜏0(𝜆, Λ) > 1.
Letting in (4.8)

𝑘 =

{
ℎ + 2 log21∕𝜏0 max{𝑡, 1} if 𝑛 = 2,

𝑡
𝑛−2
𝑛−1 if 𝑛 ⩾ 3,

we obtain (2.1).
Step 2:We prove (2.3) for 𝑝 ∈

(
1, 𝑛

𝑛−1

)
.

Consider 𝑛 ⩾ 3. Let𝜒𝑆ℎ be the characteristic function of 𝑆ℎ. By theHölder inequality in Lorentz
spaces (Theorem 3.8) and (2.2), we have

∫𝑆ℎ |𝜙|𝑝 𝑑𝑥 = ‖𝜙‖𝑝
𝐿𝑝,𝑝(𝑆ℎ)

⩽ 𝐶2(𝑛, 𝑝)‖𝜙‖𝑝
𝐿

𝑛
𝑛−1

,∞
(𝑆ℎ)

‖𝜒𝑆ℎ‖𝑝
𝐿

𝑛𝑝
𝑛+𝑝−𝑛𝑝 ,𝑝(𝑆ℎ)

⩽ 𝐶3(𝑛, 𝜆, Λ, 𝑝)∫
∞

0
𝑡𝑝−1|{𝑥 ∈ 𝑆ℎ ∶ |𝜒𝑆ℎ(𝑥)| > 𝑡}| 𝑛+𝑝−𝑛𝑝𝑛 𝑑𝑡

= 𝐶3 ∫
1

0
𝑡𝑝−1|𝑆ℎ| 𝑛+𝑝−𝑛𝑝𝑛 𝑑𝑡

⩽ 𝐶4(𝑛, 𝜆, Λ, 𝑝)ℎ
𝑛
2
− 𝑛−1

2
𝑝,

(4.9)

where the last inequality comes from Lemma 3.1. This proves (2.3) for 𝑛 ⩾ 3.
Consider now 𝑛 = 2. Then 𝑝 ∈ (1, 2). From (4.8), and for 𝑘 > 0 and 𝑞 ∈ (1,∞) to be chosen, we

have

|{𝑥 ∈ 𝑆ℎ ∶ |𝜙(𝑥)| > 𝑡}| ⩽ 𝑘

𝜆𝑡2
+ 𝐶1(𝜆, Λ)2

−𝑘∕𝜏0ℎ ⩽
𝑘

𝜆𝑡2
+ 𝐶5(𝜆, Λ, 𝑞)𝑘

−𝑞ℎ.

Let 𝑘 = 𝑡
2

1+𝑞 ℎ
1

1+𝑞 so that 𝑘𝑡−2 = 𝑘−𝑞ℎ. Then

|{𝑥 ∈ 𝑆ℎ ∶ |𝜙(𝑥)| > 𝑡}| ⩽ 𝐶6(𝜆, Λ, 𝑞)ℎ
1

1+𝑞 𝑡
−2𝑞

1+𝑞 .

By the layer-cake formula (Lemma 3.9), we have for every 𝜏 > 0

∫𝑆ℎ |𝜙|𝑝 𝑑𝑥 = ∫{𝑥∈𝑆ℎ∶|𝜙(𝑥)|⩽𝜏} |𝜙|𝑝 𝑑𝑥 + ∫{𝑥∈𝑆ℎ∶|𝜙(𝑥)|>𝜏} |𝜙|𝑝 𝑑𝑥
⩽ 𝜏𝑝|𝑆ℎ| + 𝑝 ∫

∞

𝜏
𝑡𝑝−1||{𝑥 ∈ 𝑆ℎ ∶ |𝜙(𝑥)| > 𝑡}|| 𝑑𝑡

⩽ 𝐶7(𝜆, Λ)𝜏
𝑝ℎ + 𝐶8(𝜆, Λ, 𝑝, 𝑞)ℎ

1
1+𝑞 ∫

∞

𝜏
𝑡
𝑝−1−

2𝑞

1+𝑞 𝑑𝑡.

Wemay choose 𝑞 = 𝑝+1

2−𝑝
so that 𝑝 − 2𝑞

1+𝑞
< 0 (due to 𝑝 ∈ (1, 2)) and the integral above converges.

Then,

∫𝑆ℎ |𝜙|𝑝 𝑑𝑥 ⩽ 𝐶7𝜏
𝑝ℎ + 𝐶9(𝜆, Λ, 𝑝)ℎ

1
1+𝑞 𝜏

𝑝−
2𝑞

1+𝑞 .

Setting 𝜏 = ℎ−1∕2, we obtain (2.3) for 𝑛 = 2. This completes the proof. □
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 17 of 37

For Theorem 2.2, extending [27, Theorem 14.22] into the weak 𝐿𝑝 space at the end point 𝑝 =
𝑛

𝑛−2
, we establish the following geometric controls on the superlevel sets and distribution function

estimates for the Green’s function g𝑉 . Here, 𝑉 is no longer required to be compactly contained
in the domain but we need suitable global conditions on the domain and the Monge–Ampère
potential.

Lemma 4.2. Let 𝑢 and Ω satisfy (2.4)–(2.7). Let 𝑉 ⊂ Ω be open, proper, and contained in
a section 𝑆𝑢(𝑥0, ℎ) of 𝑢 of height ℎ > 0. Let g𝑉(⋅, 𝑦) be the Green’s function of the linearized
Monge–Ampère operator 𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑉 with pole 𝑦 ∈ 𝑉.

(i) There exist positive constants 𝐶∗(𝑛, 𝜆, Λ, 𝜌), 𝐶̄(𝜆, Λ, 𝜌) such that for all 𝑦 ∈ 𝑉, we have

{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡} ⊂

{
𝑆𝑢(𝑦, ℎ2

−𝑡∕𝐶̄) if 𝑛 = 2,

𝑆𝑢(𝑦, 𝐶∗𝑡
− 2
𝑛−2 ) if 𝑛 ⩾ 3

if 𝑡 > 𝐶∗(𝑛, 𝜆, Λ, 𝜌). (4.10)

(ii) For all 𝑦 ∈ 𝑉 and all 𝑡 > 0, we have

|{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡}| ⩽ {
𝐶(𝜆, Λ, 𝜌)ℎ2−𝑡∕𝐶1 if 𝑛 = 2,

𝐶(𝑛, 𝜆, Λ, 𝜌)𝑡−
𝑛

𝑛−2 if 𝑛 ⩾ 3,
(4.11)

where 𝐶1 = 𝐶1(𝜆, Λ, 𝜌) > 1. Consequently,

‖g𝑉(⋅, 𝑦)‖𝐿 𝑛
𝑛−2

,∞
(𝑉)

⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌) if 𝑛 ⩾ 3.

Proof. From the bound on the Green’s function [27, Theorem 14.21], we have

max
𝑥∈𝜕𝑆𝑢(𝑦,𝑡0)

gΩ(𝑥, 𝑦) ⩽

⎧⎪⎨⎪⎩
𝐶1(𝑛, 𝜆, Λ, 𝜌) log2(1∕𝑡0) if 𝑛 = 2,

𝐶1(𝑛, 𝜆, Λ, 𝜌)𝑡
− 𝑛−2

2

0
if 𝑛 ⩾ 3,

for all 𝑦 ∈ Ω and 0 < 𝑡0 < 𝑐 = 𝑐(𝑛, 𝜆, Λ, 𝜌) < 1. Therefore, for 0 < 𝑠 < 𝑐, we have

𝑆𝑢(𝑦, 𝑠) ⊃

{
{𝑥 ∈ Ω ∶ gΩ(𝑥, 𝑦) > 𝐶1(𝜆, Λ, 𝜌) log2(1∕𝑠)} if 𝑛 = 2,

{𝑥 ∈ Ω ∶ gΩ(𝑥, 𝑦) > 𝐶1(𝑛, 𝜆, Λ, 𝜌)𝑠
−𝑛−2

2 } if 𝑛 ⩾ 3.
(4.12)

We first prove (4.11) for the case 𝑛 ⩾ 3. Fix 𝑦 ∈ 𝑉. As in (4.3), we have

{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡} ⊂ {𝑥 ∈ Ω ∶ gΩ(𝑥, 𝑦) > 𝑡} for all 𝑡 > 0.

From (4.12), we see that for 𝑡 > 𝐶1𝑐
−𝑛−2

2 ,

{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡} ⊂ {𝑥 ∈ Ω ∶ gΩ(𝑥, 𝑦) > 𝑡} ⊂ 𝑆𝑢

(
𝑦, (𝑡∕𝐶1)

− 2
𝑛−2

)
. (4.13)
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18 of 37 GU and LE

By Lemma 3.1, we have for 𝑡 > 𝐶1𝑐
−𝑛−2

2 ,

|{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡}| ⩽ ||𝑆𝑢(𝑦, (𝑡∕𝐶1)− 2
𝑛−2

)|| ⩽ 𝐶2(𝑛, 𝜆, Λ, 𝜌)𝑡
− 𝑛
𝑛−2 . (4.14)

For 0 < 𝑡 ⩽ 𝐶1𝑐
−𝑛−2

2 , recalling Ω ⊂ 𝐵1∕𝜌(0) ⊂ ℝ𝑛, we have

|{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡}| ⩽ |Ω| ⩽ 𝐶3(𝑛, 𝜆, Λ, 𝜌)𝑡
− 𝑛
𝑛−2 . (4.15)

Combining (4.14) and (4.15), we obtain (4.11) for all 𝑡 > 0 when 𝑛 ⩾ 3.
We prove (4.11) for the case 𝑛 = 2. As remarked after the statement of Theorem 2.2,Ω is itself a

section of 𝑢 with height comparable to 1. Fix 𝑦 ∈ 𝑉. Note that

{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡} ⊂ {𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∩ Ω ∶ g𝑆𝑢(𝑥0,ℎ)∩Ω(𝑥, 𝑦) > 𝑡} for all 𝑡 > 0.

By repeating the proof of [27, Theorem 14.21] for g𝑆𝑢(𝑥0,ℎ)∩Ω(𝑥, 𝑦) instead of gΩ(𝑥, 𝑦) (for example,
in [27, (14.48)], we can replace 𝑐 by ℎ and 𝑐2 by 𝑐2ℎ), we obtain

max
𝑥∈𝜕𝑆𝑢(𝑦,𝑡0)

g𝑆𝑢(𝑥0,ℎ)∩Ω(𝑥, 𝑦) ⩽ 𝐶4(𝜆, Λ, 𝜌) log2(ℎ∕𝑡0)

for all 𝑦 ∈ 𝑆𝑢(𝑥0, ℎ) ∩ Ω and 0 < 𝑡0 < 𝑐ℎ.
It follows that for all 𝑦 ∈ 𝑉 and all 𝑡 > 𝐶4 log2(1∕𝑐),

{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡} ⊂ {𝑥 ∈ 𝑆𝑢(𝑥0, ℎ) ∩ Ω ∶ g𝑆𝑢(𝑥0,ℎ)∩Ω(𝑥, 𝑦) > 𝑡} ⊂ 𝑆𝑢(𝑦, ℎ2
−𝑡∕𝐶4). (4.16)

From (4.13) and (4.16), we obtain (4.10), which is a global version of (4.1). Part (i) is proved.
Using the volume estimates for sections (Lemma 3.1), we obtain for 𝑡 > 𝐶4 log2(1∕𝑐),

|{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡}| ⩽ |𝑆𝑢(𝑦, ℎ2−𝑡∕𝐶4)| ⩽ 𝐶(𝜆)ℎ2−𝑡∕𝐶4 . (4.17)

On the other hand, if 0 < 𝑡 ⩽ 𝐶4 log2(1∕𝑐), then

|{𝑥 ∈ 𝑉 ∶ g𝑉(𝑥, 𝑦) > 𝑡}| ⩽ |𝑆𝑢(𝑥0, ℎ)| ⩽ 𝐶(𝜆)ℎ ⩽ 𝐶5(𝜆, Λ, 𝜌)ℎ2
−𝑡∕𝐶4 . (4.18)

Combining (4.17) and (4.18), we obtain (4.11) for all 𝑡 > 0when 𝑛 = 2. Part (ii) is completely proved
and so is the lemma. □

Proof of Theorem 2.2. The proof is similar to that of Theorem 2.1. It uses Proposition 3.10 and
Lemma 4.2 instead of Lemma 4.1, so we skip it. □

5 MAXIMUM PRINCIPLES FOR LINEARIZEDMONGE–AMPÈRE
EQUATIONS

In this section and the next, we present some applications of Theorems 2.1 and 2.2 to the regularity
of solutions to linearized Monge–Ampère equations in divergence form. This section focuses on
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 19 of 37

maximum principles for subsolutions to (1.1). They imply uniform estimates for solutions to (1.1)
with zero boundary value.
We begin with the case of compactly contained sections.

Proposition 5.1. Let Ω ⊂ ℝ𝑛 be a convex domain and 𝑢 ∈ 𝐶3(Ω) be a convex function satisfying
(1.2). Assume 𝐅 ∈ 𝑊1,𝑛

loc (Ω;ℝ
𝑛), 𝜇 ∈ 𝐿𝑛loc(Ω), and 𝑆𝑢(𝑥0, 2ℎ) ⋐ Ω where 𝑥0 ∈ Ω and ℎ > 0. Assume

𝑣 ∈ 𝑊2,𝑛
loc (𝑆𝑢(𝑥0, ℎ)) ∩ 𝐶(𝑆𝑢(𝑥0, ℎ)) satisfies

−𝑈𝑖𝑗𝐷𝑖𝑗𝑣 ⩽ div𝐅 + 𝜇 in 𝑆𝑢(𝑥0, ℎ).

(i) Assume 𝑛 ⩾ 3, 𝜇 = 0, and (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑛,1(𝑆𝑢(𝑥0, ℎ); ℝ
𝑛). Then

sup
𝑆𝑢(𝑥0,ℎ)

𝑣 ⩽ sup
𝜕𝑆𝑢(𝑥0,ℎ)

𝑣 + 𝐶(𝑛, 𝜆, Λ)‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑛,1(𝑆𝑢(𝑥0,ℎ)).
(ii) Assume (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(𝑆𝑢(𝑥0, ℎ); ℝ

𝑛) for some 𝑞 > 𝑛 and there exist 𝑀0 ⩾ 0 and 𝜀 > 0 such
that for 𝜇+ = max{𝜇, 0}, we have

𝜇+(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀 for all sections 𝑆𝑢(𝑧, 𝑠) ⋐ 𝑆𝑢(𝑥0, 2ℎ). (5.1)

Then

sup
𝑆𝑢(𝑥0,ℎ)

𝑣 ⩽ sup
𝜕𝑆𝑢(𝑥0,ℎ)

𝑣 + 𝐶∗(𝑛, 𝜆, Λ, 𝑞)‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆𝑢(𝑥0,ℎ))ℎ 𝑞−𝑛

2𝑞 + 𝐶⋆(𝑛, 𝜆, Λ, 𝜀)𝑀0ℎ
𝜀.

Proof. Let us denote 𝑆ℎ ∶= 𝑆𝑢(𝑥0, ℎ). Let 𝜓 ∈ 𝑊2,𝑛
loc (𝑆ℎ) ∩𝑊1,2

0
(𝑆ℎ) ∩ 𝐶(𝑆ℎ) solve

−𝑈𝑖𝑗𝐷𝑖𝑗𝜓 = div𝐅 + 𝜇 in 𝑆ℎ and 𝜓 = 0 on 𝜕𝑆ℎ;

see [13, Theorem 9. 30]. From the assumption, we have

−𝑈𝑖𝑗𝐷𝑖𝑗(𝑣 − 𝜓) ⩽ 0 in 𝑆ℎ.

Since 𝑣 − 𝜓 ∈ 𝑊2,𝑛
loc (𝑆ℎ) ∩ 𝐶(𝑆ℎ), the ABP maximum principle gives

sup
𝑆ℎ

𝑣 − sup
𝑆ℎ

𝜓 ⩽ sup
𝑆ℎ

(𝑣 − 𝜓) ⩽ sup
𝜕𝑆ℎ

(𝑣 − 𝜓) = sup
𝜕𝑆ℎ

𝑣.

Hence,

sup
𝑆ℎ

𝑣 ⩽ sup
𝜕𝑆ℎ

𝑣 + sup
𝑆ℎ

𝜓. (5.2)

For 𝑦 ∈ 𝑆ℎ, let g𝑆ℎ (𝑥, 𝑦) be the Green’s function of the linearized Monge–Ampère operator
𝐷𝑖(𝑈

𝑖𝑗𝐷𝑗) in 𝑆ℎ with pole 𝑦. Using the representation formula (3.1) and integration by parts, we
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20 of 37 GU and LE

find

𝜓(𝑦) = ∫𝑆ℎ g𝑆ℎ (⋅, 𝑦)(div𝐅 + 𝜇) 𝑑𝑥 = −∫𝑆ℎ 𝐷𝑥g𝑆ℎ (𝑥, 𝑦) ⋅ 𝐅(𝑥) 𝑑𝑥 + ∫𝑆ℎ g𝑆ℎ (⋅, 𝑦)𝜇 𝑑𝑥

⩽ ∫𝑆ℎ |(𝐷2𝑢)−1∕2𝐷𝑥g𝑆ℎ (𝑥, 𝑦) ⋅ (𝐷
2𝑢)1∕2𝐅|𝑑𝑥

+ ∫𝑆ℎ g𝑆ℎ (⋅, 𝑦)𝜇 𝑑𝑥 ∶= 𝜓1(𝑦) + 𝜓2(𝑦).

(5.3)

We prove part (i) when 𝑛 ⩾ 3 and 𝜇 = 0. By Theorem 2.1 and the Hölder inequality in Lorentz
spaces (Theorem 3.8), we have

𝜓(𝑦) ⩽ 𝜓1(𝑦) ⩽ 𝐶0(𝑛)‖(𝐷2𝑢)−1∕2𝐷𝑥g𝑆ℎ (⋅, 𝑦)‖𝐿 𝑛
𝑛−1

,∞
(𝑆ℎ)

‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑛,1(𝑆ℎ)
⩽ 𝐶1(𝑛, 𝜆, Λ)‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑛,1(𝑆ℎ). (5.4)

Since 𝑦 ∈ 𝑆ℎ is arbitrary, (5.2)–(5.4) establish part (i).
We prove part (ii) by estimating 𝜓1(𝑦) and 𝜓2(𝑦). Recall from (5.3) that

𝜓1(𝑦) = ∫𝑆ℎ |(𝐷2𝑢)−1∕2𝐷𝑥g𝑆ℎ (𝑥, 𝑦) ⋅ (𝐷
2𝑢)1∕2𝐅|𝑑𝑥.

Since 𝑞 > 𝑛, we have 𝑞

𝑞−1
< 𝑛

𝑛−1
. Applying the Hölder inequality and Theorem 2.1, we

have

𝜓1(𝑦) ⩽ ‖(𝐷2𝑢)−1∕2𝐷𝑥g𝑆ℎ (⋅, 𝑦)‖𝐿 𝑞
𝑞−1 (𝑆ℎ)

‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆ℎ)
⩽ 𝐶2(𝑛, 𝜆, Λ, 𝑞)‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆ℎ)ℎ 𝑞−𝑛

2𝑞 .

(5.5)

We estimate

𝜓2(𝑦) = ∫𝑆ℎ g𝑆ℎ (⋅, 𝑦)𝜇 𝑑𝑥.

By Lemma 4.1, there are constants 𝜂(𝑛, 𝜆, Λ) ∈ (0, 1) and 𝜏0(𝑛, 𝜆, Λ) > 1 such that for any 𝑦 ∈ 𝑆ℎ,
we have 𝑆𝑢(𝑦, 2𝜂ℎ) ⋐ 𝑆𝑢(𝑥0, 2ℎ) and

{𝑥 ∈ 𝑆ℎ ∶ g𝑆ℎ (𝑥, 𝑦) > 𝑡} ⊂

{
𝑆𝑢(𝑦, 2𝜂ℎ2

−𝑡∕𝜏0) if 𝑛 = 2,

𝑆𝑢(𝑦, (4𝜏0)
2

𝑛−2 𝑡−
2

𝑛−2 ) if 𝑛 ⩾ 3
if 𝑡 > 𝜏0ℎ

−𝑛−2
2 . (5.6)

Thus, by choosing 𝜏1 = 𝜏1(𝑛, 𝜆, Λ) large enough, we see that all sections in (5.6) are contained in
𝑆𝑢(𝑦, 𝜂ℎ) ⋐ 𝑆𝑢(𝑥0, 2ℎ) when 𝑡 > 𝜏1ℎ

−𝑛−2
2 =∶ 𝑇.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 21 of 37

Consider 𝑛 ⩾ 3. Using the layer-cake formula (Lemma 3.9) and recalling (5.1) and that
g𝑆ℎ (𝑥, 𝑦) ⩾ 0, we can estimate

𝜓2(𝑦) ⩽ ∫𝑆ℎ g𝑆ℎ (𝑥, 𝑦)𝜇
+(𝑥) 𝑑𝑥

= ∫
∞

0
𝜇+

(
{𝑥 ∈ 𝑆ℎ ∶ g𝑆ℎ (𝑥, 𝑦) > 𝑡}

)
𝑑𝑡

= ∫
𝑇

0
𝜇+

(
{𝑥 ∈ 𝑆ℎ ∶ g𝑆ℎ (𝑥, 𝑦) > 𝑡}

)
𝑑𝑡 + ∫

∞

𝑇
𝜇+

(
{𝑥 ∈ 𝑆ℎ ∶ g𝑆ℎ (𝑥, 𝑦) > 𝑡}

)
𝑑𝑡

⩽ 𝑇𝜇+(𝑆ℎ) + ∫
∞

𝑇
𝜇+

(
𝑆𝑢(𝑦, (4𝜏0)

2
𝑛−2 𝑡−

2
𝑛−2 )

)
𝑑𝑡

⩽ 𝑀0𝑇ℎ
𝑛−2
2
+𝜀 + 𝐶3𝑀0 ∫

∞

𝑇
𝑡−

2
𝑛−2

( 𝑛−2
2
+𝜀) 𝑑𝑡

⩽ 𝑀0𝑇ℎ
𝑛−2
2
+𝜀 + 𝐶4𝑀0𝑇

− 2𝜀
𝑛−2

⩽ 𝐶5(𝑛, 𝜆, Λ, 𝜀)𝑀0ℎ
𝜀.

(5.7)

Consider 𝑛 = 2. Then 𝑇 = 𝜏1, and as above, we have

𝜓2(𝑦) ⩽ 𝑇𝜇+(𝑆ℎ) + ∫
∞

𝑇
𝜇+

(
𝑆𝑢(𝑦, 2𝜂ℎ2

−𝑡∕𝜏0)
)
𝑑𝑡

⩽ 𝑀0𝑇ℎ
𝜀 + 𝐶6ℎ

𝜀𝑀0 ∫
∞

𝑇
2−𝑡𝜀∕𝜏0 𝑑𝑡

⩽ 𝐶7(𝜆, Λ, 𝜀)𝑀0ℎ
𝜀.

(5.8)

Combining (5.3) with (5.5), (5.7), and (5.8), we obtain the asserted estimate in part (ii). The
proposition is proved. □

Remark 5.2. For a nonnegative Radonmeasure 𝜇, we define the truncated Riesz potential 𝐼𝜇𝑢 with
respect to 𝑢 by

𝐼
𝜇
𝑢 (𝑦, ℎ) = ∫

ℎ

0

𝜇(𝑆𝑢(𝑦, 𝑠))

𝑠
𝑛
2

𝑑𝑠. (5.9)

Then, the estimates for𝜓2(𝑦) in the proof of Proposition 5.1 (ii) can be expressed using 𝐼
𝜇+

𝑢 . Indeed,
by the change of variables

𝑠 =

{
(4𝜏0)

2
𝑛−2 𝑡−

2
𝑛−2 when 𝑛 ⩾ 3,

2𝜂ℎ2−𝑡∕𝜏0 when 𝑛 = 2,

we have in (5.7) and (5.8)

𝜓2(𝑦) ⩽ 𝐶ℎ−
𝑛−2
2 𝜇+(𝑆𝑢(𝑥0, ℎ)) + 𝐶𝐼

𝜇+

𝑢 (𝑦, 𝜂ℎ), (5.10)
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22 of 37 GU and LE

where 𝐶 = 𝐶(𝑛, 𝜆, Λ) > 0 and 𝜂 = 𝜂(𝑛, 𝜆, Λ) ∈ (0, 1) is such that 𝑆𝑢(𝑦, 2𝜂ℎ) ⋐ 𝑆𝑢(𝑥0, 2ℎ).

Next, we state a boundary version of Proposition 5.1.

Proposition 5.3. Assume that 𝑢 andΩ satisfy (2.4)–(2.7). Let𝑉 ⊂ Ω be open, proper, and contained
in a section 𝑆𝑢(𝑥0, ℎ) of 𝑢 of height ℎ > 0. Assume 𝐅 ∈ 𝑊1,𝑛(𝑉; ℝ𝑛), 𝜇 ∈ 𝐿𝑛(Ω), and 𝑣 ∈ 𝑊2,𝑛

loc (𝑉) ∩

𝐶(𝑉) satisfies

−𝑈𝑖𝑗𝐷𝑖𝑗𝑣 ⩽ div𝐅 + 𝜇 in 𝑉.

(i) Assume 𝑛 ⩾ 3, 𝜇 = 0, and (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑛,1(𝑉; ℝ𝑛). Then

sup
𝑉

𝑣 ⩽ sup
𝜕𝑉

𝑣 + 𝐶(𝑛, 𝜆, Λ, 𝜌)‖‖(𝐷2𝑢)1∕2𝐅‖‖𝐿𝑛,1(𝑉).
(ii) Assume (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(𝑉;ℝ𝑛) for some 𝑞 > 𝑛 and there exist𝑀0 ⩾ 0 and 𝜀 > 0 such that for

𝜇+ = max{𝜇, 0}, we have

𝜇+(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀 for all sections 𝑆𝑢(𝑧, 𝑠) ⊂ Ω.

Then,

sup
𝑉

𝑣 ⩽ sup
𝜕𝑉

𝑣 + 𝐶∗(𝑛, 𝜆, Λ, 𝑞, 𝜌)
‖‖(𝐷2𝑢)1∕2𝐅‖‖𝐿𝑞(𝑉)ℎ 𝑞−𝑛

2𝑞 + 𝐶⋆(𝑛, 𝜆, Λ, 𝜌, 𝜀)𝑀0ℎ
𝜀.

Proof. Our proof is similar to that of Proposition 5.1. It uses the representation formula (3.1),
Lemma 4.2 instead of Lemma 4.1 for part (ii), and Theorem 2.2 instead of Theorem 2.1, so we skip
it. □

As discussed after the statement of Theorem 2.2, the above maximum principle is applicable
when 𝑉 = Ωwhere the height is bounded by a constant𝑀(𝑛, 𝜆, Λ, 𝜌).

6 INTERIOR REGULARITY FOR LINEARIZEDMONGE–AMPÈRE
EQUATIONS

In this section,we prove an interiorHarnack inequality and interiorHölder estimates for solutions
to (1.1).

6.1 Interior Harnack inequality

In this subsection, we prove Theorem 2.3. The main tools are uniform bounds for solutions to
(1.1) with zero boundary value and the Caffarelli–Gutiérrez Harnack inequality for the linearized
Monge–Ampère equation [6, Theorem 5].
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 23 of 37

Theorem 6.1 (Caffarelli–Gutiérrez Harnack inequality). Let 𝑢 ∈ 𝐶2(Ω) be a convex function sat-
isfying (1.2) in a domain Ω in ℝ𝑛. Let 𝑣 ∈ 𝑊2,𝑛

loc (Ω) be a nonnegative solution of the linearized
Monge–Ampère equation𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = 0 in a section 𝑆𝑢 (𝑥0, 2ℎ) ⋐ Ω. Then

sup
𝑆𝑢(𝑥0,ℎ)

𝑣 ⩽ 𝐶(𝑛, 𝜆, Λ) inf
𝑆𝑢(𝑥0,ℎ)

𝑣.

We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. Denote 𝑆ℎ ∶= 𝑆𝑢(𝑥0, ℎ) and 𝑆ℎ∕2 ∶= 𝑆𝑢(𝑥0, ℎ∕2). Let𝑤 ∈ 𝑊2,𝑛
loc (𝑆ℎ) ∩ 𝐶(𝑆ℎ)

satisfy

𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = div𝐅 + 𝜇 in 𝑆ℎ and 𝑤 = 0 on 𝜕𝑆ℎ;

see [13, Theorem 9.30]. Notice that 𝑣 − 𝑤 ∈ 𝑊2,𝑛
loc (𝑆ℎ) ∩ 𝐶(𝑆ℎ) satisfies

𝑈𝑖𝑗𝐷𝑖𝑗(𝑣 − 𝑤) = 0 in 𝑆ℎ and 𝑣 − 𝑤 = 𝑣 ⩾ 0 on 𝜕𝑆ℎ.

Hence, the ABP maximum principle shows that 𝑣 − 𝑤 ⩾ 0 in 𝑆ℎ. Then, applying the Caffarelli–
Gutiérrez Harnack inequality (Theorem 6.1) to 𝑣 − 𝑤, we find

sup
𝑆ℎ∕2

(𝑣 − 𝑤) ⩽ 𝐶1(𝑛, 𝜆, Λ) inf
𝑆ℎ∕2

(𝑣 − 𝑤).

Thus

sup
𝑆ℎ∕2

𝑣 ⩽ (1 + 𝐶1)

(
inf
𝑆ℎ∕2

𝑣 + ‖𝑤‖𝐿∞(𝑆ℎ)

)
. (6.1)

From Proposition 5.1 applied to 𝑤 and −𝑤, we have

‖𝑤‖𝐿∞(𝑆ℎ)
⩽

{
𝐶2(𝑛, 𝜆, Λ)‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑛,1(𝑆ℎ) in part (i),

𝐶3‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆ℎ)ℎ 𝑞−𝑛

2𝑞 + 𝐶4𝑀0ℎ
𝜀 in part (ii),

where 𝐶2 = 𝐶2(𝑛, 𝜆, Λ) > 0, 𝐶3 = 𝐶3(𝑛, 𝜆, Λ, 𝑞) > 0, and 𝐶4 = 𝐶4(𝑛, 𝜆, Λ, 𝜀) > 0. Combining this
with (6.1) completes the proof of the theorem. □

6.2 Interior Hölder estimates

In this subsection, using Theorem 2.3, we give a new proof of the following theorem, first obtained
by Wang [45, Theorem 1.5] and Cui–Wang–Zhou [8, Theorem 1.2], on interior Hölder estimates
for (1.1).

Theorem 6.2. Let Ω ⊂ ℝ𝑛 be a convex domain and 𝑢 ∈ 𝐶3(Ω) be a convex function satisfying
(1.2). Let 𝑆𝑢(𝑥0, 2ℎ0) ⋐ Ωwhere 𝑥0 ∈ Ω and ℎ0 > 0 and 𝑣 ∈ 𝑊2,𝑛

loc (𝑆𝑢(𝑥0, 2ℎ0)) ∩ 𝐶(𝑆𝑢(𝑥0, 2ℎ0)) be
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24 of 37 GU and LE

a solution to

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 in 𝑆𝑢(𝑥0, 2ℎ0),

where 𝐅 ∈ 𝑊1,𝑛
loc (Ω;ℝ

𝑛) with (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(𝑆𝑢(𝑥0, 2ℎ0); ℝ
𝑛) for some 𝑞 > 𝑛, and 𝜇 ∈

𝐿𝑛(𝑆𝑢(𝑥0, 2ℎ0)) and there exist𝑀0 ⩾ 0 and 𝜀 > 0 such that

|𝜇|(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀 for all sections 𝑆𝑢(𝑧, 𝑠) ⋐ 𝑆𝑢(𝑥0, 2ℎ0).

Letting

𝑀 ∶= sup
𝑥,𝑦∈𝑆𝑢(𝑥0,ℎ0)

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑦)| and 𝑀̃ ∶= ℎ
𝑞−𝑛

2𝑞

0
‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆𝑢(𝑥0,ℎ0)) + 𝑀0ℎ

𝜀
0.

Then

|𝑣(𝑦) − 𝑣(𝑧)| ⩽ 𝐶
(‖𝑣‖𝐿∞(𝑆𝑢(𝑥0,ℎ0))

+ 𝑀̃
)
ℎ
−𝛾
0
𝑀𝛾|𝑦 − 𝑧|𝛾 for all 𝑦, 𝑧 ∈ 𝑆𝑢(𝑥0, ℎ0∕2), (6.2)

where 𝐶 = 𝐶(𝑛, 𝜆, Λ, 𝑞, 𝜀) > 0 and 𝛾 = 𝛾(𝑛, 𝜆, Λ, 𝑞, 𝜀) ∈ (0, 1).

Remark 6.3. Some remarks on Theorem 6.2 are in order.

(1) If 𝐅 = 0 in Theorem 6.2, the term ‖𝑣‖𝐿∞(𝑆𝑢(𝑥0,ℎ0))
in (6.2) can be replaced by ‖𝑣‖𝐿𝑝(𝑆𝑢(𝑥0,ℎ0))

for any 𝑝 > 0 in [8].
(2) From Caffarelli’s 𝐶1,𝛼 estimates [5] (see also [27, Corollary 5.22]), we have

𝑀 ∶= sup
𝑥,𝑦∈𝑆𝑢(𝑥0,ℎ0)

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑦)| ⩽ 𝐶1(𝑛, 𝜆, Λ, diam(𝑆𝑢(𝑥0, 2ℎ0)))ℎ−𝛼0 , (6.3)

where 𝛼 = 𝛼(𝑛, 𝜆, Λ) > 0.

Proof of Theorem 6.2. We divide the proof into two steps.
Step 1: Oscillation decay of solutions to (1.1) in small sections. We claim that there exist 𝐶 > 0

and 𝛾 ∈ (0, 1) depending only on 𝑛, 𝜆, Λ, 𝑞, 𝜀 such that for any 0 < ℎ ⩽ ℎ0, we have

osc
𝑆𝑢(𝑥0,ℎ)

𝑣 ⩽ 𝐶

(
ℎ

ℎ0

)𝛾(
osc

𝑆𝑢(𝑥0,ℎ0)
𝑣 + ℎ

𝑞−𝑛

2𝑞

0
‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝑆𝑢(𝑥0,ℎ0)) + 𝑀0ℎ

𝜀
0

)
. (6.4)

Denote 𝑆ℎ ∶= 𝑆𝑢(𝑥0, ℎ). Since 𝑣 ∶= 𝑣 − inf𝑆ℎ 𝑣 is a nonnegative solution to

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 in 𝑆ℎ,

we can apply Theorem 2.3 to obtain for some 𝐶(𝑛, 𝜆, Λ) > 3

𝐶−1 sup
𝑆ℎ∕2

𝑣 ⩽ inf
𝑆ℎ∕2

𝑣 + 𝐶1(𝑛, 𝜆, Λ, 𝑞)
‖‖(𝐷2𝑢)1∕2𝐅‖‖𝐿𝑞(𝑆ℎ)ℎ 𝑞−𝑛

2𝑞 + 𝐶2(𝑛, 𝜆, Λ, 𝜀)𝑀0ℎ
𝜀.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 25 of 37

Thus,

osc
𝑆ℎ∕2

𝑣 = sup
𝑆ℎ∕2

𝑣 − inf
𝑆ℎ∕2

𝑣 ⩽ (1 − 𝐶−1) sup
𝑆ℎ∕2

𝑣 + 𝐶1ℎ
𝑞−𝑛

2𝑞 ‖‖(𝐷2𝑢)1∕2𝐅‖‖𝐿𝑞(𝑆ℎ) + 𝐶2𝑀0ℎ
𝜀

⩽ 𝛽osc
𝑆ℎ

𝑣 + 𝐶1ℎ
𝑞−𝑛

2𝑞 ‖‖(𝐷2𝑢)1∕2𝐅‖‖𝐿𝑞(𝑆ℎ)ℎ 𝑞−𝑛

2𝑞 + 𝐶2𝑀0ℎ
𝜀,

(6.5)

where we can choose

𝛽 = 𝛽(𝑛, 𝜆, Λ, 𝑞, 𝜀) ∈ (1 − 𝐶−1, 1) such that min
{
𝛽2

𝑞−𝑛

2𝑞 , 𝛽2𝜀
}
> 1.

A standard iteration argument (see, e.g., the proof of [27, Theorem 12.13]) gives (6.4) with 𝛾 =

log(1∕𝛽) log 2 ∈ (0, 1) as claimed.
Step 2: Interior Hölder estimates. Let 𝑦, 𝑧 ∈ 𝑆ℎ0∕2. By the inclusion property of sections (The-

orem 3.2), there exists 𝜏 = 𝜏(𝑛, 𝜆, Λ) > 0, such that 𝑆𝑢(𝑦, 2𝜏ℎ0) ⊂ 𝑆ℎ0 ⋐ Ω. Then, we obtain the
same estimates as (6.4) in 𝑆𝑢(𝑦, ℎ) for ℎ ⩽ 𝜏ℎ0. We consider two cases:
Case 1: 𝑧 ∈ 𝑆𝑢(𝑦, 𝜏ℎ0). Choose 0 < 𝑟 ⩽ 𝜏ℎ0, such that 𝑧 ∈ 𝑆𝑢(𝑦, 𝑟) ⧵ 𝑆𝑢(𝑦, 𝑟∕2). By the defini-

tion of sections and the mean value theorem, we have

𝑟

2
⩽ 𝑢(𝑧) − 𝑢(𝑦) − 𝐷𝑢(𝑦) ⋅ (𝑧 − 𝑦) ⩽ sup

𝑆ℎ0

|𝐷𝑢(⋅) − 𝐷𝑢(𝑦)| ⋅ |𝑦 − 𝑧| ⩽ 𝑀|𝑦 − 𝑧|.
Thus, 2𝑀|𝑦 − 𝑧| ⩾ 𝑟. Then, using (6.4),

|𝑣(𝑦) − 𝑣(𝑧)| ⩽ osc
𝑆𝑢(𝑦,𝑟)

𝑣 ⩽ 𝐶
(‖𝑣‖𝐿∞(𝑆𝑢(𝑦,𝜏ℎ0))

+ 𝑀̃
)
𝜏−𝛾ℎ

−𝛾
0
𝑟𝛾

⩽ 𝐶3

(‖𝑣‖𝐿∞(𝑆ℎ0 )
+ 𝑀̃

)
ℎ
−𝛾
0
𝑀𝛾|𝑦 − 𝑧|𝛾, (6.6)

where 𝐶3 = 𝐶3(𝑛, 𝜆, Λ, 𝑞, 𝜀) can be chosen such that 𝐶3 > 2𝜏−𝛾.
Case 2: 𝑧 ∉ 𝑆𝑢(𝑦, 𝜏ℎ0). As in Case 1, we have 𝜏ℎ0 ⩽ 𝑀|𝑦 − 𝑧|. Then, clearly, (6.6) holds from|𝑣(𝑦) − 𝑣(𝑧)| ⩽ 2‖𝑣‖𝐿∞(𝑆ℎ0 )

and the choice of 𝐶3.
Combining these two cases, we obtain (6.2) as asserted. □

7 GLOBAL HÖLDER ESTIMATES FOR LINEARIZED
MONGE–AMPÈRE EQUATIONS

In this section, we give a proof of Theorem 2.4.
First, we prove Hölder estimates for solutions to (1.1) at the boundary.

Proposition 7.1. Assume that 𝑢 and Ω satisfy (2.4)–(2.7). Let 𝐅 ∈ 𝑊1,𝑛(Ω;ℝ𝑛), 𝜇 ∈ 𝐿𝑛(Ω), and
𝑣 ∈ 𝑊2,𝑛

loc (Ω) ∩ 𝐶(Ω) be the solution to

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 inΩ, 𝑣 = 𝜙 on 𝜕Ω,
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26 of 37 GU and LE

where 𝜙 ∈ 𝐶𝛼(𝜕Ω) for some 𝛼 ∈ (0, 1). Assume (𝐷2𝑢)1∕2𝐅 ∈ 𝐿𝑞(Ω;ℝ𝑛) for some 𝑞 > 𝑛, and there
exist𝑀0 ⩾ 0 and 𝜀0 > 0 such that

|𝜇|(𝑆𝑢(𝑧, 𝑠)) ⩽ 𝑀0𝑠
𝑛−2
2
+𝜀0 for all sections 𝑆𝑢(𝑧, 𝑠) ⊂ Ω.

Let

𝛼0 ∶= min
{
𝛼,

3(𝑞 − 𝑛)

8𝑞
,
3𝜀0
4

}
, 𝛼1 ∶=

𝛼0
𝛼0 + 3𝑛

.

Then, there exist constants 𝛿, 𝐶 > 0 depending only on 𝑛, 𝜆, Λ, 𝛼, 𝜌, 𝑞, and 𝜀0, such that

|𝑣(𝑥) − 𝑣(𝑥0)| ⩽ 𝐶
(‖𝜙‖𝐶𝛼(𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0

)|𝑥 − 𝑥0|𝛼1 if 𝑥0 ∈ 𝜕Ω, 𝑥 ∈ Ω ∩ 𝐵𝛿(𝑥0).

Proof. The proof follows closely that of [27, Proposition 14.32] using maximum principles and
barriers. Since our setting is different, we include the details for the reader’s convenience.
Since 𝛼0 ⩽ 𝛼, we have ‖𝜙‖𝐶𝛼0 (𝜕Ω) ⩽ 𝐶0(𝛼, 𝛼0, 𝜌)‖𝜙‖𝐶𝛼(𝜕Ω). Thus, when proving the desired

result, we can replace ‖𝜙‖𝐶𝛼(𝜕Ω) by ‖𝜙‖𝐶𝛼0 (𝜕Ω).
Let 𝐿𝑢 ∶= 𝑈𝑖𝑗𝐷𝑖𝑗 . By homogeneity, we can assume that

𝐊 ∶= ‖𝑣‖𝐿∞(Ω) + ‖𝜙‖𝐶𝛼0 (𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0 = 1.

By Proposition 5.3 (ii),

‖𝑣‖𝐿∞(Ω) ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌, 𝑞, 𝜀)
(‖𝜙‖𝐶𝛼(𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0

)
.

Without loss of generality, we assume 𝑥0 = 0, 𝑢(0) = 0, and𝐷𝑢(0) = 0. It suffices to show, using
barriers, that for all 𝑥 ∈ Ω ∩ 𝐵𝛿(0),

|𝑣(𝑥) − 𝑣(0)| ⩽ 𝐶|𝑥|𝛼1 ,
for some structural constants 𝛿 and 𝐶 depending only on 𝑛, 𝜆, Λ, 𝛼, 𝜌, 𝑞, and 𝜀0.
For any 𝜀 ∈ (0, 1), we let

ℎ± ∶= 𝑣 − 𝑣(0) ± 𝜀 ±
6

𝛿3
2

𝑤𝛿2
in 𝐴 ∶= Ω ∩ 𝐵𝛿2(0),

where 𝛿2 ∈ (0, 1) small is to be chosen later and the function 𝑤𝛿2
is defined by

𝑤𝛿2
(𝑥) = 𝑤𝛿2

(𝑥′, 𝑥𝑛) ∶= 𝑀𝛿2
𝑥𝑛 + 𝑢(𝑥) − 𝛿2|𝑥′|2 − Λ𝑛(𝜆𝛿2)

1−𝑛𝑥2𝑛 for 𝑥 = (𝑥′, 𝑥𝑛) ∈ Ω,

where

𝛿2 ∶= 𝛿32∕2 and 𝑀𝛿2
∶= Λ𝑛(𝜆𝛿2)

1−𝑛.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 27 of 37

From [27, Lemma 13.7], 𝑤𝛿2
has the following properties for 𝛿2 small:{

𝑈𝑖𝑗𝐷𝑖𝑗𝑤𝛿2
⩽ −max{𝛿2 trace(𝑈), 𝑛Λ} in Ω,

𝑤𝛿2
⩾ 0 in Ω∩ 𝐵𝛿2(0), and 𝑤𝛿2

⩾ 𝛿2 on Ω∩ 𝜕𝐵𝛿2(0).
(7.1)

Note that if 𝑥 ∈ 𝜕Ω and |𝑥| ⩽ 𝛿1(𝜀) ∶= 𝜀1∕𝛼0 , then

|𝑣(𝑥) − 𝑣(0)| = |𝜙(𝑥) − 𝜙(0)| ⩽ |𝑥|𝛼0 ⩽ 𝜀.

If 𝑥 ∈ Ω ∩ 𝜕𝐵𝛿2(0), we have
6

𝛿3
2

𝑤𝛿2
(𝑥) ⩾ 3 from (7.1). Moreover, we have

|𝑣(𝑥) − 𝑣(0) ± 𝜀| ⩽ 2‖𝑣‖𝐿∞(𝐴) + 𝜀 ⩽ 2𝐊 + 𝜀 ⩽ 3.

It follows that if 𝛿2 ⩽ 𝛿1, then

ℎ− ⩽ 0 and ℎ+ ⩾ 0 on 𝜕𝐴.

Also from (7.1), we have

𝐿𝑢ℎ+ ⩽ div𝐅 + 𝜇, 𝐿𝑢ℎ− ⩾ div𝐅 + 𝜇 in 𝐴.

By [27, inclusion (14.59)], we have 𝐴 ⊂ 𝑆𝑢(0, 𝛿
3∕2
2

) when 𝛿2 is small.
Now, applying the maximum principle in Proposition 5.3 (ii) to ℎ+ and ℎ−, we obtain

max{−ℎ+, ℎ−} ⩽ 𝐶0

(‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(𝐴)𝛿 3
2
⋅ 𝑞−𝑛
2𝑞

2
+ 𝑀𝛿

3
2
⋅𝜀0

2

)
⩽ 𝐶1𝛿

𝑛𝛽
2
in 𝐴, (7.2)

where 𝐶1 > 1 depends only on 𝑛, 𝜆, Λ, 𝑞, 𝜀0, and 𝜌, and

𝛽 = min

{
3(𝑞 − 𝑛)

4𝑛𝑞
,
3𝜀0
2𝑛

}
.

Next, from the boundary estimates of 𝑢 (see [27, Proposition 8.23]), we have for 𝛿2 small

𝑤𝛿2
(𝑥) ⩽ 𝑀𝛿2

𝑥𝑛 + 𝑢(𝑥) ⩽ 𝑀𝛿2
|𝑥| + 𝐶2(𝑛, 𝜆, Λ, 𝜌)|𝑥|2| log |𝑥||2

⩽ 2𝑀𝛿2
|𝑥| for all 𝑥 ∈ 𝐴.

(7.3)

Let 𝛿2 = 𝛿1. Combining (7.2) and (7.3) and recalling the definition of ℎ+ and ℎ−, we obtain

|𝑣(𝑥) − 𝑣(0)| ⩽ 𝜀 +
6

𝛿3
2

𝑤𝛿2
(𝑥) + 𝐶1𝛿

𝑛𝛽
2

⩽ 𝜀 +
12

𝛿3
2

Λ𝑛

(
𝜆
𝛿3
2

2

)1−𝑛 |𝑥| + 𝐶1𝛿
𝑛𝛽
2

= 𝜀 + 𝐶3(𝑛, 𝜆, Λ)𝛿
−3𝑛
2 |𝑥| + 𝐶1𝛿

𝑛𝛽
2

= 𝜀 + 𝐶3𝜀
−3𝑛∕𝛼0 |𝑥| + 𝐶1𝛿

𝑛𝛽
2
.
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28 of 37 GU and LE

If we further restrict 𝜀 ⩽ 𝐶−1
1
, then

𝐶1𝛿
𝑛𝛽
2

= 𝐶1𝛿
𝑛𝛽
1

= 𝐶1𝜀
1
𝛼0
𝑛𝛽

⩽ 𝐶1𝜀
2 ⩽ 𝜀.

From the previous two estimates, we have for all 𝜀 ⩽ 𝐶−1
1

and |𝑥| ⩽ 𝛿1 = 𝜀1∕𝛼0 that

|𝑣(𝑥) − 𝑣(0)| ⩽ 2𝜀 + 𝐶3𝜀
−3𝑛∕𝛼0 |𝑥|. (7.4)

We may choose 𝜀 = |𝑥| 𝛼0
𝛼0+3𝑛 where |𝑥| ⩽ 𝛿 ∶= 𝐶

−(𝛼0+3𝑛)∕𝛼0
1

so that the conditions on 𝜀 and 𝑥 are
satisfied. Then, from (7.4), we have

|𝑣(𝑥) − 𝑣(0)| ⩽ (2 + 𝐶3)|𝑥| 𝛼0
𝛼0+3𝑛 = (2 + 𝐶3)|𝑥|𝛼1 in Ω∩ 𝐵𝛿(0).

The proposition is proved. □

If 𝑥0 ∈ Ω, denote by

ℎ̄(𝑥0) ∶= sup
{
ℎ > 0 ∶ 𝑆𝑢(𝑥0, ℎ) ⊂ Ω

}
the maximal height of all sections of 𝑢 centered at 𝑥0 and contained in Ω. 𝑆𝑢(𝑥0, ℎ̄(𝑥0)) is called
themaximal interior section of 𝑢 centered at 𝑥0, and it is tangent to the boundary.
Thanks to Savin’s boundary localization theorem [38, Theorem 3.1], we have the following

useful properties of the maximal interior sections; see [39] and [27, Proposition 9.2].

Proposition 7.2 (Shape of maximal interior sections). Let 𝑢 and Ω satisfy (2.4)–(2.7). Assume
that for some 𝑦 ∈ Ω, the maximal interior section 𝑆𝑢(𝑦, ℎ̄(𝑦)) ⊂ Ω is tangent to 𝜕Ω at 0; that is,
𝜕𝑆𝑢(𝑦, ℎ̄(𝑦)) ∩ 𝜕Ω = {0}. If ℎ ∶= ℎ̄(𝑦) ⩽ 𝑐 where 𝑐 = 𝑐(𝑛, 𝜆, Λ, 𝜌) > 0 is small, then there exists a
small positive constant 𝜅0(𝑛, 𝜆, Λ, 𝜌) such that{

𝐷𝑢(𝑦) = 𝑎𝑒𝑛 for some 𝑎 ∈
[
𝜅0ℎ

1∕2, 𝜅−1
0
ℎ1∕2

]
,

𝜅0𝐸ℎ ⊂ 𝑆𝑢(𝑦, ℎ) − 𝑦 ⊂ 𝜅−1
0
𝐸ℎ, and 𝜅0ℎ

1∕2 ⩽ dist(𝑦, 𝜕Ω) ⩽ 𝜅−1
0
ℎ1∕2,

where 𝑒𝑛 ∶= (0, 0, … , 1) ∈ ℝ𝑛 and the ellipsoid 𝐸ℎ is given by 𝐸ℎ = 𝐴−1
ℎ
𝐵ℎ1∕2(0), with 𝐴ℎ being a

linear transformation on ℝ𝑛 with the following properties:

det𝐴ℎ = 1, 𝐴ℎ𝑥 = 𝑥 − 𝜏ℎ𝑥𝑛, 𝜏ℎ ⋅ 𝑒𝑛 = 0, ‖𝐴−1
ℎ
‖ + ‖𝐴ℎ‖ ⩽ 𝜅−10 | log ℎ|.

Finally, we are able to prove Theorem 2.4.

Proof of Theorem 2.4. Note that our assumption implies (2.4)–(2.7), where 𝜌 now depends
only on 𝑛, 𝜆, Λ, ‖𝑢‖𝐶3(𝜕Ω), 𝑅, and the 𝐶3 regularity of 𝜕Ω; see [27, Proposition 4.7]. There-
fore, Proposition 7.1 can be applied to all 𝑥0 ∈ 𝜕Ω. Our proof is similar to that of [27,
Theorem 13.2]. Since our setting is slightly different, we include the details for the reader’s
convenience.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 29 of 37

By Proposition 5.3 (ii),

‖𝑣‖𝐿∞(Ω) ⩽ 𝐶(𝑛, 𝜆, Λ, 𝜌, 𝑞, 𝜀)
(‖𝜙‖𝐶𝛼(𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0

)
. (7.5)

By homogeneity, we can assume that

𝐊 ∶= ‖𝜙‖𝐶𝛼(𝜕Ω) + ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω) + 𝑀0 = 1.

By the global Hölder gradient estimate in Lemma 3.5, we have

𝑀 ∶= sup
𝑥,𝑦∈Ω

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑦)| ⩽ 𝐶⋆(𝑛, 𝜆, Λ, 𝜌). (7.6)

Let 𝑐, 𝜅0 ∈ (0, 1) be as in Proposition 7.2 and let Ω𝑠 ∶= {𝑥 ∈ Ω ∶ dist(𝑥, 𝜕Ω) > 𝑠} for 𝑠 > 0.
Step 1: Hölder estimates in the interior of Ω.
By Proposition 7.2, the maximal interior section 𝑆𝑢(𝑦, ℎ(𝑦)) of 𝑢 centered at 𝑦 ∈ Ω𝑐 satisfies

ℎ̄(𝑦) ⩾ (𝑐𝜅0)
2 =∶ 𝑐1. (7.7)

Therefore, from (7.6) (see also (3.5)), we can find 𝑐2 = 𝑐2(𝑛, 𝜆, Λ, 𝜌) ∈ (0, 𝑐1) such that

𝐵𝑐2(𝑦) ⊂ 𝑆𝑢(𝑦, 𝑐1∕8) ⊂ 𝑆𝑢(𝑦, 𝑐1∕2) ⋐ Ω whenever 𝑦 ∈ Ω𝑐. (7.8)

From Theorem 6.2, (7.5), (7.6), and (7.8), we can find 𝛾 = 𝛾(𝑛, 𝜆, Λ, 𝑞, 𝜀) ∈ (0, 1) such that

|𝑣(𝑧1) − 𝑣(𝑧2)| ⩽ 𝐶1(𝑛, 𝜆, Λ, 𝜌, 𝑞, 𝜀)|𝑧1 − 𝑧2|𝛾 for all 𝑧1, 𝑧2 ∈ 𝐵𝑐2(𝑦).

Repeating the above argument, we can find 𝑐3(𝑛, 𝜆, Λ, 𝜌) ∈ (0, 𝑐2) such that

|𝑣(𝑧1) − 𝑣(𝑧2)| ⩽ 𝐶2(𝑛, 𝜆, Λ, 𝜌, 𝑞, 𝜀)|𝑧1 − 𝑧2|𝛾 for all 𝑧1, 𝑧2 ∈ 𝐵𝑐3(𝑦) where 𝑦 ∈ Ω𝑐2
.

Step 2: Hölder estimates in a maximal interior section whose center is in Ω ⧵ Ω𝑐2
.

Let 𝑦 ∈ Ω be such that dist(𝑦, 𝜕Ω) = 𝑟 ⩽ 𝑐2. Let 𝑆𝑢(𝑦, ℎ) be the maximal interior section of 𝑢
centered at 𝑦 and 𝑦0 ∈ 𝜕Ω ∩ 𝜕𝑆𝑢(𝑦, ℎ̄)where ℎ̄ = ℎ̄(𝑦). Then, the arguments in (7.7) and (7.8) give
ℎ̄ ⩽ 𝑐. By Proposition 7.2,

𝜅0ℎ
1∕2

⩽ 𝑟 ⩽ 𝜅−10 ℎ
1∕2

, and 𝜅0𝐸 ⊂ 𝑆𝑢(𝑦, ℎ) − 𝑦 ⊂ 𝜅−10 𝐸, (7.9)

where 𝐸 ∶= ℎ
1∕2

𝐴−1

ℎ
𝐵1(0) with 𝐴ℎ

being a linear transformation on ℝ𝑛 such that

‖𝐴
ℎ
‖ + ‖𝐴−1

ℎ
‖ ⩽ 𝜅−10 | log ℎ| and det𝐴

ℎ
= 1. (7.10)

From (7.9), (7.10), and

(1∕8)(𝑆𝑢(𝑦, ℎ̄) − 𝑦) ⊂ 𝑆𝑢(𝑦, ℎ̄∕8) − 𝑦,
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30 of 37 GU and LE

we obtain constants 𝐶3, 𝑐2 > 0 depending only on 𝑛, 𝜆, Λ, and 𝜌 such that

𝐵𝐶3𝑟| log 𝑟|(𝑦) ⊃ 𝑆𝑢(𝑦, ℎ) ⊃ 𝑆𝑢(𝑦, ℎ∕8) ⊃ 𝐵𝑐2
𝑟| log 𝑟| (𝑦) ⊃ 𝐵𝑐2𝑟2(𝑦). (7.11)

Let 𝑣 = 𝑣 − 𝑣(𝑦0). Then,

𝑈𝑖𝑗𝐷𝑖𝑗𝑣 = div𝐅 + 𝜇 in Ω.

By Theorem 6.2, there exists 𝐶4 = 𝐶4(𝑛, 𝜆, Λ, 𝑞, 𝜀, 𝜌) such that for all 𝑧1, 𝑧2 ∈ 𝑆𝑢(𝑦, ℎ̄∕8)

|𝑣(𝑧1) − 𝑣(𝑧2)| = |𝑣(𝑧1) − 𝑣(𝑧2)|
⩽ 𝐶4

(‖𝑣‖𝐿∞(𝑆𝑢(𝑦,ℎ̄))
+ ‖(𝐷2𝑢)1∕2𝐅‖𝐿𝑞(Ω)ℎ̄ 𝑞−𝑛

2𝑞 + 𝑀0ℎ̄
𝜀

)
ℎ̄−𝛾|𝑧1 − 𝑧2|𝛾. (7.12)

We need to estimate ‖𝑣‖𝐿∞(𝑆𝑢(𝑦,ℎ̄))
. By (7.11) and Proposition 7.1 applied at 𝑦0 ∈ 𝜕Ω,

‖𝑣‖𝐿∞(𝑆𝑢(𝑦,ℎ̄))
⩽ 𝐶5(𝑛, 𝜆, Λ, 𝜌, 𝛼, 𝑞, 𝜀)[diam(𝑆𝑢(𝑦, ℎ̄))]𝛼1 ⩽ 𝐶6(𝑟| log 𝑟|)𝛼1 , (7.13)

where 𝐶6 = 𝐶6(𝑛, 𝜆, Λ, 𝜌, 𝛼, 𝑞, 𝜀) > 0 and 𝛼1 = 𝛼1(𝑛, 𝛼, 𝑞, 𝜀) ∈ (0, 𝛼).
From (7.9), (7.11)–(7.13), 𝑞 > 𝑛, and 𝐊 ⩽ 1, we can find 𝛽 = 𝛽(𝑛, 𝜆, Λ, 𝑞, 𝜀, 𝛼) ∈ (0,min{𝛼1, 𝛾})

such that

|𝑣(𝑧1) − 𝑣(𝑧2)| ⩽ 𝐶7(𝑛, 𝜆, Λ, 𝜌, 𝑞, 𝜀, 𝛼)|𝑧1 − 𝑧2|𝛽 for all 𝑧1, 𝑧2 ∈ 𝑆𝑢(𝑦, ℎ̄∕8). (7.14)

Step 3: Completion of the proof. Let 𝑥, 𝑦 ∈ Ω. We show that

|𝑣(𝑥) − 𝑣(𝑦)| ⩽ 𝐶8(𝑛, 𝜆, Λ, 𝛼, 𝑞, 𝜀, 𝜌)|𝑥 − 𝑦|𝛽. (7.15)

By (7.5), it suffices to consider

|𝑥 − 𝑦| < 𝑐3.

Let 𝑥0, 𝑦0 ∈ 𝜕Ω be such that 𝑟𝑥 ∶= dist(𝑥, 𝜕Ω) = |𝑥 − 𝑥0| and 𝑟𝑦 ∶= dist(𝑦, 𝜕Ω) = |𝑦 − 𝑦0|. We
may assume 𝑟𝑥 ⩽ 𝑟𝑦 . Let ℎ̄ = ℎ̄(𝑦) be as in Step 2.
Case 1: 𝑟𝑦 ⩽ 𝑐2.
If 𝑥 ∈ 𝐵𝑐2𝑟2𝑦

(𝑦), then we obtain (7.15) directly from (7.11) and (7.14).
Assume now 𝑥 ∉ 𝐵𝑐2𝑟2𝑦

(𝑦). Then, |𝑥 − 𝑦| ⩾ 𝑐2𝑟
2
𝑦 , and

|𝑥0 − 𝑦0| ⩽ |𝑥 − 𝑥0| + |𝑦 − 𝑦0| + |𝑥 − 𝑦| ⩽ 2𝑟𝑦 + |𝑥 − 𝑦| ⩽ 𝑐2|𝑥 − 𝑦|1∕2, (7.16)

where 𝑐2 = 𝑐2(𝑛, 𝜆, Λ, 𝜌). Note that

|𝑣(𝑥) − 𝑣(𝑦)| ⩽ |𝑣(𝑥) − 𝑣(𝑥0)| + |𝑣(𝑦) − 𝑣(𝑦0)| + |𝑣(𝑥0) − 𝑣(𝑦0)|. (7.17)
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 31 of 37

We can apply Proposition 7.1 to get

|𝑣(𝑥) − 𝑣(𝑥0)| ⩽ 𝐶6|𝑥 − 𝑥0|𝛼1 and |𝑣(𝑦) − 𝑣(𝑦0)| ⩽ 𝐶6|𝑦 − 𝑦0|𝛼1 . (7.18)

Combining (7.16)–(7.18), and recalling the 𝐶𝛼 regularity of 𝑣 on 𝜕Ω, we obtain

|𝑣(𝑥) − 𝑣(𝑦)| ⩽ 2𝐶6𝑟
𝛼1
𝑦 + (𝑐2)

𝛼|𝑥 − 𝑦|𝛼∕2 ⩽ 𝐶8(𝑛, 𝜆, Λ, 𝛼, 𝑞, 𝜀, 𝜌)|𝑥 − 𝑦|𝛽.
Case 2: 𝑟𝑦 ⩾ 𝑐2. Since |𝑥 − 𝑦| < 𝑐3, (7.15) follows from Step 1.
The proof of the theorem is complete. □

8 APPLICATION TO SINGULAR ABREU TYPE EQUATIONS

In this section, we will use Theorem 2.4 to establish the Sobolev solvability in all dimensions for
a class of singular fourth-order Abreu-type equations. These equations arise from the approxi-
mation analysis of convex functionals subject to convexity constraints such as the Rochet–Choné
model [36] with a quadratic cost in the monopolist’s problem in economics. We refer the readers
to [7, 18, 24, 26, 30] for more details.
Theorem 2.4 provides us a tool to directly establish, in all dimensions, the global higher-order

estimates for singular Abreu equations that were first obtained in the work of Kim, Wang, Zhou,
and the second author [18]. Moreover, it allows us to obtain new solvability results in dimensions
at least three that were not accessible by previous methods.
Our solvability results state as follows.

Theorem 8.1 (Solvability of the second boundary value problem for singular Abreu-type
equations). LetΩ ⊂ ℝ𝑛 be a smooth, uniformly convex domain. Let 𝐺(𝑡) ∶ (0,∞) → ℝ be

either 𝐺(𝑡) = log 𝑡 or 𝐺(𝑡) = log 𝑡∕ log log(𝑡 + 𝑒𝑒
4𝑛
).

Assume that 𝑓 ∈ 𝐿𝑝(Ω) with 𝑓 ⩽ 0 and 𝑝 > 𝑛, 𝜑 ∈ 𝑊4,𝑝(Ω) and 𝜓 ∈ 𝑊2,𝑝(Ω) withmin𝜕Ω 𝜓 > 0.
Consider the following second boundary value problem for a uniformly convex function 𝑢:

⎧⎪⎨⎪⎩
𝑈ij𝐷ij𝑤 = −Δ𝑢 + 𝑓 inΩ,

𝑤 = 𝐺′ ( 𝑑𝑒𝑡𝐷2𝑢) inΩ,

𝑢 = 𝜑, 𝑤 = 𝜓 on 𝜕Ω.

(8.1)

Here (𝑈𝑖𝑗) = (det 𝐷2𝑢)(𝐷2𝑢)−1. Then, there exists a uniformly convex solution 𝑢 ∈ 𝑊4,𝑝(Ω) to (8.1)
with

‖𝑢‖𝑊4,𝑝(Ω) ⩽ 𝐶 = 𝐶(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω). (8.2)

Before sketching the proof of Theorem 8.1, we make some pertinent remarks and related anal-
ysis.
When𝐺(𝑡) = log 𝑡, the expression𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = 𝑈𝑖𝑗𝐷𝑖𝑗[(det 𝐷

2𝑢)−1] appears in the Abreu’s equa-
tion [1] in the constant scalar curvature problem in Kähler geometry [12]. For a convex function
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32 of 37 GU and LE

𝑢 without further regularity, Δ𝑢 can be just a nonnegative Radon measure, so it is a very singular
term. For this reason, we call the first equation of (8.1) singular Abreu equation. This fourth-order
equation in 𝑢 can be rewritten as a system of two equations: one is a Monge–Ampère equation for
𝑢 in the form of

det𝐷2𝑢 = 𝐺′−1(𝑤),

and the other is a linearized Monge–Ampère equation for 𝑤 in the form of

𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = −Δ𝑢 + 𝑓.

Since we prescribe the boundary values of both 𝑢 and its Hessian determinant det 𝐷2𝑢 via 𝑤, we
call (8.1) a second boundary value problem.
Without the term −Δ𝑢 on the right-hand side of (8.1), Theorem 8.1 was proved in [20] (see

Theorems 1.1 and 1.2 and Remark 1.4 there) without the sign restriction on 𝑓. However, when
−Δ𝑢 appears on the right-hand side of (8.1), it creates several difficulties in establishing solvability
results for (8.1) using degree theory and a priori estimates.
The first difficulty lies in obtaining the a priori positive lower and upper bounds for det𝐷2𝑢,

which is a critical step in applying the regularity results of the linearizedMonge-Ampère equation.
For example, it is not known if one can obtain a lower bound for det𝐷2𝑢 in dimensions 𝑛 ⩾ 3 for
𝐺(𝑡) = 𝑡

1
𝑛+2 which arises from the affine maximal surface equation [42].

The second difficulty, granted that the bounds 0 < 𝜆 ⩽ det𝐷2𝑢 ⩽ Λ < ∞have been established,
consists in obtainingHölder estimates for𝑤 in the linearizedMonge-Ampère equation𝑈𝑖𝑗𝐷𝑖𝑗𝑤 =

−Δ𝑢 + 𝑓. If one applies the global Hölder estimates in [28], this requires Δ𝑢 to be in 𝐿𝑞 with
𝑞 > 𝑛∕2. However, Δ𝑢 is a priori at most 𝐿1+𝜀 for some small constant 𝜀(𝜆, Λ, 𝑛) > 0 (see [11, 40,
46]), so it does not have enough integrability in dimensions 𝑛 ⩾ 3. New ideas are required.
When 𝐺(𝑡) = log 𝑡, Theorem 8.1 was proved in [18, Theorem 1.1]. The key idea in [18] is to

transform the equation 𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = −Δ𝑢 + 𝑓 with singular term −Δ𝑢 into a family of linearized
Monge–Ampère equationswith bounded drifts and 𝐿𝑝 right-hand sides for which the interior Har-
nack inequality and Hölder estimates in [23] are applicable, and at each boundary point 𝑥0 of
interest, one canmake the drift vanish at that point for the purpose of obtaining pointwise Hölder
estimates at 𝑥0. Indeed, let

𝜂(𝑥) ∶= 𝑤(𝑥)𝑒|𝐷𝑢(𝑥)−𝐷𝑢(𝑥0)|2∕2. (8.3)

Then, 𝜂 solves

𝑈𝑖𝑗𝐷𝑖𝑗𝜂 − (det 𝐷2𝑢)(𝐷𝑢 − 𝐷𝑢(𝑥0)) ⋅ 𝐷𝜂 = 𝑒|𝐷𝑢−𝐷𝑢(𝑥0)|2∕2𝑓. (8.4)

Note that once the Hessian determinant bounds have been established, the potential method
in [8] gives new interior higher-order estimates for (8.1); see [8, Theorem 5.1]. Here, we are able
to handle estimates up to the boundary. This is crucial for the solvability using the degree theory.
Interestingly, the transformations (8.3) and (8.4) are very specific to the case 𝐺(𝑡) = log 𝑡. They

do not transform in any helpful ways for other 𝐺, including 𝐺(𝑡) = log 𝑡∕ log log(𝑡 + 𝑒𝑒
4𝑛
). This

case is not accessible by the methods in [18, 24] in dimensions at least three. For this 𝐺, we can,
however, use Theorem 2.4 to obtain solvability.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 33 of 37

Sketch of proof of Theorem 8.1. It suffices to establish the a priori bound (8.2) for uniformly convex
solution 𝑢 ∈ 𝑊4,𝑝(Ω) to (8.1) since the existence then follows from the degree theory.
Step 1: Hessian determinant bounds. We assert that

𝐶−1
1 ⩽ det 𝐷2𝑢 ⩽ 𝐶1 in Ω, (8.5)

where 𝐶1 = 𝐶1(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω) > 0.
Indeed, from the convexity of 𝑢, we have Δ𝑢 ⩾ 0. Hence, recalling 𝑓 ⩽ 0, we find

𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = −Δ𝑢 + 𝑓 ⩽ 0 in Ω.

By the maximum principle, 𝑤 attains its minimum value in Ω on the boundary. Thus,

𝑤 ⩾ min
𝜕Ω

𝑤 = min
𝜕Ω

𝜓 > 0 in Ω.

This together with det𝐷2𝑢 = (𝐺′)−1(𝑤) gives the upper bound for the Hessian determinant:

det 𝐷2𝑢 ⩽ 𝐶2 ∶= (𝐺′)−1(min
𝜕Ω

𝜓) in Ω. (8.6)

Using𝑢 = 𝜑 on 𝜕Ω togetherwithΩbeing smooth anduniformly convex,we can construct suitable
barrier functions (see [27, Theorem 3.30]) to obtain

sup
Ω

|𝑢| + ‖𝐷𝑢‖𝐿∞(Ω) ⩽ 𝐶3 = 𝐶3(𝑛, 𝐺, 𝜑, 𝜓,Ω). (8.7)

Denote the Legendre transform 𝑢∗ of 𝑢 by

𝑢∗(𝑦) = 𝑥 ⋅ 𝐷𝑢(𝑥) − 𝑢(𝑥), where 𝑦 = 𝐷𝑢(𝑥) ∈ Ω∗ ∶= 𝐷𝑢(Ω).

Then

𝑥 = 𝐷𝑢∗(𝑦) and 𝐷2𝑢(𝑥) = (𝐷2𝑢∗(𝑦))−1.

Let (𝑢∗𝑖𝑗)1⩽𝑖,𝑗⩽𝑛 be the inverse matrix of 𝐷2𝑢∗ and

𝑤∗ ∶= 𝐺
(
(det 𝐷2𝑢∗)

−1
)
− (det𝐷2𝑢∗)

−1
𝐺′

(
det 𝐷2𝑢∗

)−1
)

= 𝐺(det 𝐷2𝑢) − (det 𝐷2𝑢)𝐺′(det 𝐷2𝑢).

(8.8)

Computing as in [20, Lemma 2.7], we have

𝑈𝑖𝑗𝐷𝑖𝑗𝑤 = −𝑢∗𝑖𝑗𝐷𝑖𝑗𝑤
∗,

and (see also [18, (2.9)])

Δ𝑢 = 𝑢∗𝑖𝑖.
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34 of 37 GU and LE

Here, we use the notation

𝐷𝑖𝑗𝑤
∗ =

𝜕2𝑤∗

𝜕𝑦𝑖𝜕𝑦𝑗
.

It follows that

𝑢∗𝑖𝑗𝐷𝑖𝑗

(
𝑤∗ − |𝑦|2∕2)) = −𝑈𝑖𝑗𝐷𝑖𝑗𝑤 − Δ𝑢 = −𝑓(𝑥) = −𝑓(𝐷𝑢∗(𝑦)) in Ω∗. (8.9)

Note that (8.7) implies

diam(Ω∗) + ‖𝑢∗‖𝐿∞(Ω∗) ⩽ 𝐶4(𝑛, 𝐺, 𝜑, 𝜓,Ω). (8.10)

Moreover, for 𝑦 = 𝐷𝑢(𝑥) ∈ 𝜕Ω∗ where 𝑥 ∈ 𝜕Ω, we have from (8.8)

𝑤∗(𝑦) = 𝐺(𝐺′−1(𝑤(𝑥))) − 𝐺′−1(𝑤(𝑥))𝑤(𝑥)

= 𝐺(𝐺′−1(𝜓(𝑥))) − 𝐺′−1(𝜓(𝑥))𝜓(𝑥).
(8.11)

From (8.10) and (8.11), by applying the ABP estimate [13, Theorem 9.1] to 𝑤∗ − |𝑦|2∕2 on Ω∗ in
equation (8.9), and then changing of variables 𝑦 = 𝐷𝑢(𝑥) with 𝑑𝑦 = det𝐷2𝑢 𝑑𝑥, we obtain

‖𝑤∗ − |𝑦|2∕2‖𝐿∞(Ω∗) ⩽ ‖𝑤∗ − |𝑦|2∕2‖𝐿∞(𝜕Ω∗) + 𝐶(𝑛)diam(Ω∗)
‖‖‖ 𝑓(𝐷𝑢∗)

(det 𝑢∗𝑖𝑗)1∕𝑛
‖‖‖𝐿𝑛(Ω∗)

⩽ 𝐶 + 𝐶

(
∫Ω∗

|𝑓|𝑛(𝐷𝑢∗)
(det 𝐷2𝑢∗)−1

𝑑𝑦

)1∕𝑛

= 𝐶 + 𝐶

(
∫Ω

|𝑓|𝑛(𝑥)
det 𝐷2𝑢

det𝐷2𝑢 𝑑𝑥

)1∕𝑛

⩽ 𝐶5 + 𝐶5‖𝑓‖𝐿𝑝(Ω),
where 𝐶5 = 𝐶5(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω).
In particular, 𝑤∗ is bounded from below by a negative structural constant. Due to (8.8), the

formula for 𝐺 gives a positive structural lower bound for the Hessian determinant:

det 𝐷2𝑢 ⩾ 𝐶6(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω) > 0 in Ω. (8.12)

Combining (8.6) and (8.12), we obtain (8.5) as asserted.
Step 2: Higher-order derivative estimates.
Now, by (8.5), (8.7), Lemma 3.5, and Remark 3.7, we can apply Theorem 2.4 with

𝐅 = 0 and 𝜇 = − div(𝐷𝑢) + 𝑓.

We obtain some 𝛼 = 𝛼(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω) ∈ (0, 1) such that 𝑤 ∈ 𝐶𝛼(Ω) with

‖𝑤‖𝐶𝛼(Ω) ⩽ 𝐶7(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω).
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Rewriting the equation for 𝑤, we find

det𝐷2𝑢 = (𝐺′)−1(𝑤) in Ω, 𝑢 = 𝜑 on 𝜕Ω, (8.13)

with (𝐺′)−1(𝑤) ∈ 𝐶𝛼(Ω), and 𝜑 ∈ 𝐶3(Ω) because 𝜑 ∈ 𝑊4,𝑝(Ω) and 𝑝 > 𝑛. We obtain from the
global Schauder estimates for the Monge–Ampère equation [44, Theorem 1.1] that

‖𝑢‖
𝐶2,𝛼(Ω)

⩽ 𝐶8(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω).

Thus, the first equation of (8.1) is a uniformly elliptic, second-order partial differential equations in
𝑤 with 𝐶𝛼(Ω) coefficients and 𝐿𝑝 right-hand side. Hence, from the standard 𝑊2,𝑝 theory for
uniformly elliptic equations (see [13, Chapter 9]), we obtain the following𝑊2,𝑝(Ω) estimates:

‖𝑤‖𝑊2,𝑝(Ω) ⩽ 𝐶(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω).

Now, we can differentiate and apply the standard Schauder and Calderón–Zygmund theories to
(8.13) to obtain the following global𝑊4,𝑝(Ω) estimate for 𝑢:

‖𝑢‖𝑊4,𝑝(Ω) ⩽ 𝐶 = 𝐶(𝑛, 𝑝, 𝐺, 𝜑, 𝜓,Ω).

The theorem is proved. □

ACKNOWLEDGMENTS
The authors would like to thank Professor Bin Zhou (Peking University) and Dr. LingWang (Boc-
coni University) for their interest and helpful comments. The authors are grateful to the referee
for providing constructive comments that helped improve the original manuscript.
The authors were supported in part by the National Science Foundation under grant DMS-

2452320.

JOURNAL INFORMATION
The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES
1. M. Abreu, Kähler geometry of toric varieties and extremal metrics, Int. J. Math. 9 (1998), no. 6, 641–651.
2. L. Ambrosio, M. Colombo, G. De Philippis, and A. Figalli, Existence of Eulerian solutions to the semigeostrophic

equations in physical space: the 2-dimensional periodic case, Comm. Partial Differential Equations 37 (2012),
no. 12, 2209–2227.

3. J. D. Benamou and Y. Brenier,Weak existence for the semigeostrophic equations formulated as a coupledMonge-
Ampère/transport problem, SIAM J. Appl. Math. 58 (1998), no. 5, 1450–1461.

4. L. A. Caffarelli, Interior 𝑊2,𝑝 estimates for solutions to the Monge–Ampère equation, Ann. of Math. (2) 131
(1990), no. 1, 135–150.

5. L. A. Caffarelli, Some regularity properties of solutions of Monge–Ampère equation, Comm. Pure Appl. Math.
44 (1991), no. 8–9, 965–969.

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70644 by Indiana U

niversity B
loom

ington, W
iley O

nline L
ibrary on [29/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



36 of 37 GU and LE

6. L. A. Caffarelli and C. E. Gutiérrez, Properties of the solutions of the linearizedMonge–Ampère equations, Amer.
J. Math. 119 (1997), no. 2, 423–465.

7. G. Carlier and T. Radice, Approximation of variational problems with a convexity constraint by PDEs of Abreu
type, Calc. Var. Partial Differential Equations 58 (2019), no. 5, Paper No. 170, 13 pp.

8. G. Cui, L. Wang, and B. Zhou, Local potential and Hölder estimates for the linearizedMonge–Ampère equation,
arXiv:2511.03426, 2025.

9. M. Cullen andM. Feldman, Lagrangian solutions of semigeostrophic equations in physical space, SIAM J.Math.
Anal. 37 (2006), no. 5, 1371–1395.

10. M. J. P. Cullen, J. Norbury, and R. J. Purser, Generalized Lagrangian solutions for atmospheric and oceanic
flows, SIAM J. Appl. Math. 51 (1991), no. 1, 20–31.

11. G. De Philippis, A. Figalli, and O. Savin, A note on interior𝑊2,1+𝜀 estimates for the Monge–Ampère equation,
Math. Ann. 357 (2013), no. 1, 11–22.

12. S. K. Donaldson, Scalar curvature and stability of toric varieties, J. Differential Geom. 62 (2002), no. 2, 289–349.
13. D. Gilbarg andN. S. Trudinger,Elliptic partial differential equations of second order, Reprint of the 1998 edition,

Classics in mathematics, Springer, Berlin, 2001.
14. M. Grüter and K. O. Widman, The Green function for uniformly elliptic equation, Manuscripta Math. 37 (1982),

no. 3, 303–342.
15. C. E. Gutiérrez and T. Nguyen, Interior gradient estimates for solutions to the linearized Monge–Ampère

equation, Adv. Math. 228 (2011), no. 4, 2034–2070.
16. C. E. Gutiérrez and T. Nguyen, Interior second derivative estimates for solutions to the linearizedMonge–Ampère

equation, Trans. Amer. Math. Soc. 367 (2015), no. 7, 4537–4568.
17. Y. H. Kim, Interior Harnack inequality and Hölder estimates for linearized Monge–Ampère equations in

divergence form with drift, Calc. Var. Partial Differential Equations 64 (2025), no. 4, Paper No. 123, 32 pp.
18. Y. H. Kim, N. Q. Le, L. Wang, and B. Zhou, Singular Abreu equations and linearized Monge–Ampère equations

with drifts, J. Eur. Math. Soc. (JEMS) 28 (2026), no. 9, 4105–4148.
19. N. Q. Le, Remarks on the Green’s function of the linearized Monge–Ampère operator, Manuscripta Math. 149

(2016), no. 1, 45–62.
20. N. Q. Le,𝑊4,𝑝 solution to the second boundary value problem of the prescribed affinemean curvature andAbreu’s

equations, J. Differential Equations 260 (2016), no. 5, 4285–4300.
21. N. Q. Le, Boundary Harnack inequality for the linearized Monge–Ampère equations and applications, Trans.

Amer. Math. Soc. 369 (2017), no. 9, 6583–6611.
22. N. Q. Le, Hölder regularity of the 2D dual semigeostrophic equations via analysis of linearized Monge–Ampère

equations, Comm. Math. Phys. 360 (2018), no. 1, 271–305.
23. N. Q. Le, On the Harnack inequality for degenerate and singular elliptic equations with unbounded lower

order terms via sliding paraboloids, Commun. Contemp. Math. (2017), 1750012 (38 pages), DOI 10.1142/
S0219199717500122.

24. N. Q. Le, Singular Abreu equations and minimizers of convex functionals with a convexity constraint, Comm.
Pure Appl. Math. 73 (2020), no. 10, 2248–2283.

25. N. Q. Le,Global Holder estimates for 2D linearizedMonge–Ampère equations with right-hand side in divergence
form, J. Math. Anal. Appl. 485 (2020), no. 2, 123865, 13pp.

26. N. Q. Le, Twisted Harnack inequality and approximation of variational problems with a convexity constraint by
singular Abreu equations, Adv. Math. 434 (2023), Paper No. 109325, 31 pp.

27. N. Q. Le, Analysis of Monge–Ampère equations, Grad. Stud. Math., vol. 240, American Mathematical Society,
Providence, RI, 2024, xx+576 pp.

28. N. Q. Le and T. Nguyen,Global𝑊1,𝑝 estimates for solutions to the linearizedMonge–Ampère equations, J. Geom.
Anal. 27 (2017), no. 3, 1751–1788.

29. N. Q. Le and O. Savin, Boundary regularity for solutions to the linearized Monge–Ampère equations, Arch.
Ration. Mech. Anal. 210 (2013), no. 3, 813–836.

30. N. Q. Le and B. Zhou, Solvability of a class of singular fourth order equations of Monge–Ampère type, Ann. PDE
7 (2021), no. 2, Paper No. 13, 32 pp.

31. G. Loeper, On the regularity of the polar factorization for time dependent maps, Calc. Var. Partial Differential
Equations 22 (2005), no. 3, 343–374.

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70644 by Indiana U

niversity B
loom

ington, W
iley O

nline L
ibrary on [29/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://doi.org/10.1142/S0219199717500122
https://doi.org/10.1142/S0219199717500122


GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE–AMPÈRE EQUATIONS 37 of 37

32. D. Maldonado, The Monge–Ampère quasi-metric structure admits a Sobolev inequality, Math. Res. Lett. 20
(2013), no. 3, 527–536.

33. D. Maldonado, On the𝑊2,1+𝜀–estimates for the Monge–Ampère equation and related real analysis, Calc. Var.
Partial Differential Equations 50 (2014), no. 1–2, 93–114.

34. D. Maldonado, 𝑊1,𝑝
𝜑 –estimates for Green’s functions of the linearized Monge–Ampère operator, Manuscripta

Math. 152 (2017), no. 3–4, 539–554.
35. R. O’Neil, Convolution operators and 𝐿(𝑝, 𝑞) spaces, Duke Math. J. 30 (1963), no. 1, 129–142.
36. J.-C. Rochet and P. Choné, Ironing, sweeping and multidimensional screening, Econometrica 66 (1998), no. 4,

783–826.
37. O. Savin,ALiouville theorem for solutions to the linearizedMonge–Ampère equation, Discrete Contin. Dyn. Syst.

28 (2010), no. 3, 865–873.
38. O. Savin, Pointwise 𝐶2,𝛼 estimates at the boundary for the Monge–Ampère equation, J. Amer. Math. Soc. 26

(2013), no. 1, 63–99.
39. O. Savin, Global𝑊2,𝑝 estimates for the Monge–Ampère equations, Proc. Amer. Math. Soc. 141 (2013), no. 10,

3573–3578.
40. T. Schmidt,𝑊2,1+𝜀 estimates for the Monge–Ampère equation, Adv. Math. 240 (2013), 672–689.
41. G. J. Tian and X. J. Wang, A class of Sobolev type inequalities, Methods Appl. Anal. 15 (2008), no. 2, 263–276.
42. N. S. Trudinger and X. J. Wang, The Bernstein problem for affine maximal hypersurfaces, Invent. Math. 140

(2000), no. 2, 399–422.
43. N. S. Trudinger and X. J. Wang, The Monge–Ampère equation and its geometric applications, Handbook of

geometric analysis, no. 1„ Adv. Lect. Math. (ALM), vol. 7, Int. Press, Somerville, MA, 2008, pp. 467–524.
44. N. S. Trudinger and X. J. Wang, Boundary regularity for the Monge-Ampère and affine maximal surface

equations, Ann. of Math. (2) 167 (2008), no. 3, 993–1028.
45. L. Wang, Interior Hölder regularity of the linearized Monge–Ampère equation, Calc. Var. Partial Differential

Equations 64 (2025), no. 1, Paper No. 17, 16 pp.
46. X. J. Wang, Some counterexamples to the regularity of Monge–Ampère equations, Proc. Amer. Math. Soc. 123

(1995), no. 3, 841–845.

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70644 by Indiana U

niversity B
loom

ington, W
iley O

nline L
ibrary on [29/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense


	A Green’s function approach to linearized Monge-Ampère equations in divergence form and application to singular Abreu-type equations
	Abstract
	1 | INTRODUCTION
	2 | STATEMENT OF THE MAIN RESULTS
	2.1 | Lorentz space estimates for the Green’s function
	2.2 | Applications of Lorentz space estimates to the linearized Monge-Ampère equations
	2.3 | Comments

	3 | PRELIMINARIES AND A KEY ESTIMATE
	4 | LORENTZ SPACE ESTIMATES FOR THE GREEN’S FUNCTION
	5 | MAXIMUM PRINCIPLES FOR LINEARIZED MONGE-AMPÈRE EQUATIONS
	6 | INTERIOR REGULARITY FOR LINEARIZED MONGE-AMPÈRE EQUATIONS
	6.1 | Interior Harnack inequality
	6.2 | Interior Hölder estimates

	7 | GLOBAL HÖLDER ESTIMATES FOR LINEARIZED MONGE-AMPÈRE EQUATIONS
	8 | APPLICATION TO SINGULAR ABREU TYPE EQUATIONS
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	REFERENCES


