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1 | INTRODUCTION

In this paper, we establish local and global regularity estimates for solutions to linearized Monge-
Ampere equations in divergence form

L, :=D;(UD;v) = divF + 4, (1.1)
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where F is a vector field and u is a signed Radon measure, via critical Lorentz space estimates for
the Green’s function, also known as the fundamental solution, of the linearized Monge-Ampere
operator

L, :=D(U"D)).
Throughout,
U = (U")1q jen := (detD’u)(D*u)™"

is the cofactor matrix of the Hessian matrix D?u of a convex Monge-Ampére potential u € C3(Q),
where the function u satisfies

0<A<detD’u<A inQcR" 1.2)

where A and A are constants. We always assume n > 2 and repeated indices are summed. More
precise assumptions on F and u will be given in corresponding theorems; see also Remark 2.6.

Due to the divergence-free property of U, that is, D;U" = 0 for all j, the operator L, can be
rewritten in nondivergence form:

L, =D;(UYD;) = U'D;;.

The coefficient matrix U of L, arises from linearizing the Monge-Ampére operator det D?u. One
can also note that L, v is the coefficient of ¢ in the expansion

det D*(u + tv) = det D*u + t UYD;;v + - + " det Dv.

Under the assumption (1.2), the cofactor matrix U is positive definite, so (1.1) is an elliptic equa-
tion. However, it is in general degenerate and/or singular since the eigenvalues of U could tend
to zero and/or infinity. This makes its analysis challenging.

Caffarelli and Gutiérrez [6] established a fundamental interior Harnack inequality for the
homogeneous linearized Monge-Ampére equation U/ D; jU = 0. Their result is an affine invari-
ant version of the classical Harnack inequality of Moser, and Krylov and Safonov for elliptic
equations in divergence form and nondivergence form, respectively. Interior Holder estimates
consequently follow. Central in their analysis is the geometry of sections of the Monge-Ampere
potential function u which replace Euclidean balls. Sections are defined as sublevel sets of con-
vex functions after subtracting their supporting hyperplanes. Since then, many developments and
applications have been obtained by many authors including [8, 15-19, 21-23, 25, 27-29, 32-34, 37,
41-43, 45]. We refer the reader to [27] for an overview and will restrict ourselves to works closely
related to the subject of this paper.

Equations of the type (1.1) arise in several contexts such as the semigeostrophic equations in
meteorology [2, 3, 9, 10, 22, 31] and singular Abreu equations in the calculus of variations with a
convexity constraint 7, 18, 24, 26, 30].

Let us mention some works related to the case of 4 = 0 under (1.2). Loeper [31] established
Holder estimates for (1.1) using integral information on v under the assumption that det D?u is
close to a constant. When n = 2 and (1.2) is satisfied, the second author [22, 25] obtained interior
and global Holder estimates for (1.1) assuming F € L*(Q; R") N WIIO’Z’(Q; R™). With the additional
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 3 of 37

assumption D?u € L'*:(Q) for some ¢, > (n + 1)(n — 2)/2, these estimates were extended to
higher dimensions in [27, Chapter 15]. This assumption holds in dimension 2 in view of the
W21+€ estimates for the Monge-Ampeére equation established by De Philippis-Figalli-Savin [11]
and Schmidt [40]. In view of Caffarelli’s WP estimates [4] and Wang’s counterexamples [46] for
the Monge-Ampeére equation, the above integrability condition may be thought of as an assump-
tion on A/ in (1.2). Such higher integrability of D?*u was required for the Moser iteration. Later,
by assuming (D?u)'/?F € LI(Q; R") for some q > n and using De Giorgi’s iteration, Wang [45]
established interior Holder estimates for (1.1) relying on the L* norm of the solution v, while the
second author’s results only rely on the LP norm of v for p € (1, +o0). For all bounded vector
field F, Wang’s condition essentially requires D?u to be in L” where r > n/2. In this case, Wang’s
Holder estimates were established via Moser’s iteration technique by Kim [17] who also studied
equations with drifts.

Very recently, when F = 0, Cui-Wang-Zhou [8] use potential theory and Campanato type esti-
mates to study equation (1.1) for signed Radon measures u whose total variation on each compactly

contained section of u of height h grows like IfznTz+E for some € > 0. In particular, they obtained
interior Holder estimates for (1.1) under (1.2) when u = divF is a negative Radon measure and
F, is a bounded vector field. Remarkably, these results give new interior higher-order estimates
for singular Abreu equations. In all these works [8, 17, 45], the Monge-Ampére Sobolev inequality
[22, 41] plays an important role.

We will give here a unified, different proof of the interior Holder estimates in [8, 45]. Moreover,
we also obtain a global version. Our approach uses fine properties of the Green’s function of the
linearized Monge-Ampére operator L, and avoids the Monge-Ampeére Sobolev inequality. In the
context of linearized Monge-Ampére equations, our approach has its root in the previous work of
Nguyen and the second author [28] where global Holder estimates were obtained using LY norm
of the right-hand side where g > n/2. Crucial to our approach are uniform estimates for solutions
to (1.1) with zero boundary value. Our approach gives uniform estimates assuming only (D?u)!'/2F
being in the Lorentz space L' when n > 3.

As an application, we obtain the solvability of the second boundary value problem for sin-
gular Abreu-type equations, some of which in dimensions at least three are not accessible by
previous approaches.

The analysis of the Green’s function of the linearized Monge-Ampére operator starts with
the work of Tian-Wang [41] and then Maldonado [32-34] and the second author [19, 21, 22, 25,
27]. Let gg(-,¥) be the Green’s function of L, in S C Q with pole y € S. Building on properties
of the Green’s function put together in [27], we will establish interior and global estimates for
(D?u)~'/2D, g¢(-,y) in the weak L"/("~1 space, also known as the Lorentz space L"/(*~1:* when
n > 3. This space is critical as can be seen for the case of u(x) = |x|?/2 where L, now becomes the
Laplace operator, and its Green’s function does not belong to smaller Lorentz spaces. Our results
are affine analogs of those in Griiter-Widman [14] for uniformly elliptic equations in dimensions
n > 3. We have an extra logarithmic factor for Lorentz-space-type estimates in dimension 2. These
estimates build upon Lorentz-space-type estimates for the Green’s function gy itself; in this case,
we have more refined analysis as we have a good control on the shapes of the superlevel sets of
9gs-

The quantity (D*u)~'/2D,.gs(-, y) was first studied by Maldonado [32, 34] as a natural Monge-
Ampeére gradient in the sense of the Monge-Ampére Sobolev inequality obtained in [22, 41].
Our estimates for (D*u)~'/2D, g¢(-,y) in strong LP spaces where p € (1,n/(n — 1)) follow from
Lorentz space estimates and they recover and extend results established in [34] in the case of sec-
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40f37 | GU and LE

tions compactly contained in the domain. As applications, we will use these estimates to obtain
local and global uniform and Holder estimates for solutions to (1.1) under suitable assumptions.
Before stating our main results, we introduce some relevant concepts.

Definition 1.1 (Sections). Let u € C1(Q) N C(Q) be a convex function and h > 0. If Xy € Q, then
the section of u centered at x, with height h is defined by

Su(%g, B) 1= {x € Q : u(x) < u(x,) + Du(x,) - (x — x,) + h}.
In the case of x, € 0Q, we require that u is differentiable at x,,.

Definition 1.2 (Green’s function of the linearized Monge-Ampere operator). Let Q be a bounded
convex domain in R” and u € C3(Q) be a convex function satisfying (1.2). Assume V' C Q is open.
Let Sy be the Dirac measure giving the unit mass to y. Then, for each y € V, there exists a unique
function ¢,/ (-,¥) : V — [0, co] with the following properties:

(@) gy(C,y) € W;’q(V) N W12 (V\B,(y)) for all g < % andallr > 0.
(b) gy (-, y)is a weak solution of

—D;(U"D;gy(,y)) =6, inV, gy(,y)=0 ondV,

that is, denoting D; g, (x, y) = ij gr(x,y) = %gv(x,y), we have
J

/ UYID g, (x, p)DY(x) dx = P(y)  forall p € C2(V). (13)
|4

We call gy, (-, y) the Green’s function of the linearized Monge-Ampere operator L, = D; (U D;)
in V with pole y. We set g,,(y,y) = +c0.

Definition 1.3 (Proper sets). We call a nonempty open set V' C R" proper if V satisfies an exterior
cone condition at every boundary point. Examples of such proper sets include intersections of a
bounded convex domain Q C R" with sections of a convex function u € C'(Q) or open balls.

Definition 1.4 (Lorentz spaces). Let Q C R" be bounded and open, and f : Q — R be a
Lebesgue-measurable function. For 1 < p < oo and 0 < g < o0, we define

1 ¢ \7
P’ (fo"" tifx € : |f(x)] > t}|p%)" if g < oo,

sup;so tl{x € Q 1 |f(x)| > /P if g = oo.

fNlLpaqy =

The Lorentz space LP-1(Q) consists of all Lebesgue-measurable functions f defined on Q such that
| f1lLp.acq) < oo. The Lorentz space LP* coincides with the weak L space, and the Lorentz space
LP-P is the usual LP space.

Notation. Weuse ¢ = (%, ..., %) and C = C(, ..., %) to denote positive constants ¢, C depending on
the quantities appearing in the parentheses; they may change from line to line. We use D; = 9/0,,
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 50f37

and D, f(x,y) to denote the gradient of f in the x-variable. For a Lebesgue measurable set E C R”,
|E| denotes its n-dimensional Lebesgue measure. We use H"~! to denote the (n — 1)-dimensional
Hausdorff measure. For alocally integrable function 4 : R” — R, we can view it as a signed Radon
measure and denote |u|(A) = / ', || dx for any Lebesgue measurable set A C R".

The rest of this paper will be organized as follows. We state our main results in Section 2. In
Section 3, we recall some background materials for our analysis and state a key estimate for the
Monge-Ampere gradient of the Green’s function. In Section 4, we will prove Theorems 2.1 and
2.2 on Lorentz space estimates for the Green’s function. In Section 5, we establish maximum prin-
ciples for linearized Monge-Ampere equation (1.1). We prove an interior Harnack inequality in
Theorem 2.3 and interior Holder estimates for solutions to (1.1) in Section 6. The proof of Theo-
rem 2.4 on global Holder estimates will be given in Section 7. We present an application to the
solvability of singular Abreu equations in Section 8.

2 | STATEMENT OF THE MAIN RESULTS

In this section, we state our main results and give some brief comments on them.

2.1 | Lorentz space estimates for the Green’s function

Our first main result establishes Lorentz space estimates for the Green’s function of the linearized
Monge-Ampere operator in compactly contained sections.

Theorem 2.1. Let u € C3(Q) be a convex function satisfying (1.2), where Q C R". Assume
S (xg,2h) € Q where x, € Q and h > 0. Let gg (. »)(-, ) be the Green’s function of the linearized
Monge-Ampére operator D;(U" D i) in S, (xy, h) with pole y € S, (x,, h). Then, fort > 0,
l£x € S,(x0, 1) 1 [(D*u(x))™/? D g, 1y (%> | > ]
- {Ct‘z(h +logmax{t,1}) ifn=2, @1

Ct n1 ifn>3,

where C = C(n,A,A) > 0.
Consequently, for ally € S, (x,, h),

* ifn >3, then

2 3\—1/2 . . .
”(D u) ngSu(xo,h)( ’y)“Lm’oo(Su(xo,h)) < C(l’l,/l,/\), (2'2)

s ifn>2andpe€ (1,%), then

-1

n_n-1
/ |(D?u(x))"/2Dy g5 oy 1y 6 WIP dx < C(n, 2, A, p)h2~ 7 P, 2.3)
Su(xg,h)
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6 of 37 | GU and LE

Next, we state global analogues of estimates in Theorem 2.1 under suitable assumptions for
which Savin’s boundary localization theorem for the Monge—Ampere equation [38, Theorem 3.1]
is applicable.

Global structural assumptions. Let Q C R" be a convex domain and assume that there exists
a constant p > 0 such that

Q C B, /,(0) CR" (2.4)
and for each y € 0Q,

there is an interior ball B,(z) C Q such thaty € dB,(2). (2.5)

Let u € C11(Q) N C3(Q) be a convex function satisfying
0<A<detD’u<A inQ. (2.6)

Assume further that on dQ, u separates quadratically from its tangent hyperplanes; namely, for
all x,, x € 0Q, we have

2 - 2
plx = xo|” < ulx) — u(xg) — Du(xy) - (x — Xp) < p~ ' |x = X" (2.7)
Theorem 2.2. Assume thatu and Q satisfy (2.4)-(2.7). Let V C Q be open, proper, and contained in

a section S,,(xy, h) of u of height h > 0. Let g,,(-,y) be the Green’s function of the linearized Monge—
Ampére operator D;(UD;) in V with pole y € V. Then, fort > 0,

B Ct~2(h +log max{t,1}) ifn=2,
lfx €V 1 |D*uC) ™’ Dygy (e > Bl < ) (28)
Ct n-1 ifn>3,
where C = C(n, A, A, p) > 0.
Consequently, forally € V,
* ifn >3, then
2,3\—1/2 . .
D7) ™ Dregy C I 22 oy S €124 A, ). (2.9)
s ifn>2andp€ (l,ﬁ), then
/ |(D?u()) /2D, gy (x, )P dx < C(n, A, A p, Y3~ 5P. (2.10)
v

Under the assumptions (2.4)—(2.7), by [27, Lemma 9.7], there exists M = M(n, 4, A, p) > 0 such
that

QC S, (xp,M) forall x,€ Q.

Therefore, Q is a section of u with height comparable to 1 and Theorem 2.2 is applicable to V = Q.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 7 of 37

2.2 | Applications of Lorentz space estimates to the linearized
Monge-Ampére equations

Applying Theorem 2.1 and the Caffarelli-Gutiérrez Harnack inequality (Theorem 6.1), we obtain
a Harnack inequality for nonnegative solutions to (1.1).

Theorem 2.3. Let Q C R" and u € C3(Q) be a convex function satisfying (1.2). Let F € WIIO’Z(Q; R™)
and u € LZ)C(Q). Suppose that S,,(x,,2h) € Q where x, € Qand h > 0. Letv € leo’?(Su(xO, h)) N

C(S,(xg, h)) be a nonnegative solution to

UYD;jjv=divF+pu in S,(xh).

(i) Assumen > 3, u = 0, and (D*u)'/?F € L'(S,(xy, h); R"). Then,

sup v < C(n,/l,A)< inf v+ [|(D*wW)2F||;n ) (2.11)
Su(xO,E/Z) S, (xosh/2) LL(S,, (xg,h))

(ii) Assume that (D*u)'/?F € LI(S,(x,, h); R") for some q > n and there exist M, > 0 and € > 0
such that

[u(S,(z,5)) < Mys e for all sections S,,(z, s) € S,,(xy, 2h). (2.12)

Then,

q-n
sup v < C(n,/l,A)( inf v+ C*||(Dzu)l/zFHLq(su(Xo,h))h 4 4 C*M0h5>, (2.13)
S, (x0,1/2) u(Xo:h/2)

whereC, = C,(n,4,A,q) >0andC, = C,(n,A,A,e) > 0.

Next, we discuss Holder continuity of solutions to (1.1). Theorem 2.3 allows us to give a new
proof of the interior Holder estimates for (1.1) when (D?u)'/2F € L9(Q; R") for some q > n and
1 € L"(Q) satisfying (2.12). These estimates are stated in Theorem 6.2. They were first proved by
Wang [45, Theorem 1.5] and Cui-Wang-Zhou [8, Theorem 1.2]. Moreover, we are able to obtain
the following global Hélder estimates.

Theorem 2.4. Let Q be a uniformly convex domain in R", that is, for all z € 0Q, there is a ball
Bgr(z,) such that Q C Bg(zy) and 9N 0Bg(z,) = {z} for some uniform convexity radius R > 0.
Let 3Q € C? and u € CH1(Q) N C3(Q) be a convex function satisfying (1.2) and u| ;o € C3. Assume
F € WL (Q;R"), u € L'(Q), and ¢ € C*(0Q) for some a € (0,1). Letv € W2 ”(Q) N C(Q) be the
solution to

UijDijvzdivF+,u inQ, v=¢ onodQ.

Assume (D*u)!/?F € LI(Q;R") for some q > n, and there exist M, > 0 and € > 0 such that

n—2 —_
||(S,(2,5)) S Mys 2 ¢ forall sections S,(z,s) C Q. (2.14)
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8 of 37 | GU and LE

Then, there exists B = f(n, A, A, q,¢,a) € (0,1) such that
1ol @) < € (I llcsqamy + 1D *Fll ooy + Mo ),
where C > 0 depends onlyon n, A, A, q,¢€,a, ||u||C3(aQ), R, and the C3 regularity of 9Q.

As an application of Theorem 2.4, we obtain in Section 8 the solvability of the second boundary
value problem for singular fourth-order Abreu-type equations, some of which in dimensions at
least three are not accessible by previous approaches.

2.3 | Comments
We briefly comment on our results, assumptions, and methods of the proofs.

Remark 2.5. Some remarks on the results are in order.

(1) Under assumption (1.2), when y = x,, and the integral over the whole section S, (x,, h) in
inequality (2.3) is replaced by one over S,,(x,, #/2), Maldonado [34, Theorem 1.1] established
the following estimate by a different method:

n n—1
/ |(D*u(x)) ™2 Dy s, (xy 1) 65 X)IP dx < C(n, A, A, 2™ = P
Su(xg:h/2) e

(2) When n > 3, the exponent g — ”T_l p in (2.3) comes from applying (2.2) and the Holder
inequality in Lorentz spaces together with the volume estimates for sections. For the same
reason, the exponent % in (2.13) comes from (2.11).

(3) Itwould be interesting to remove the logarithmic terms in Theorems 2.1 and 2.2 in dimension
2.

(4) By applying Theorem 2.2 and the boundary Harnack inequality for the linearized Monge-

Ampeére equation [21], we can obtain a boundary analog of Theorem 2.3.

Remark 2.6. We comment briefly on some assumptions.

(1) InTheorems 2.3 and 2.4, we assume the vector field F to be in W' and the measure u to be an
L™ function only to use the representation formula (3.1) involving the Green’s function, div F,
and u. However, our estimates will not depend on this regularity of F and u. In particular,
they do not depend on ||u||;» in Theorem 2.4. Note that

n-1 n-1
|141(S,u(2, ) < MpllpneeySu(z, )1 7 < Cln, Dl pnqys 2 -

(2) Aswill be seen in applications (see Lemma 3.5 and Theorem 8.1), when ¢ = div F, for a vec-
tor field F, € WH(Q; R"™) N L®(Q; R™) such that u has a definite sign, M,, will be chosen to
depend on ||Fy || «(q) rather than on || div Fyl[;n(q). This is the case of F, being the gradient
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 9 of 37

of a convex or concave function. We do not pursue the issue of finding optimal regularity
conditions on F and u in this paper.

Remark 2.7. We comment briefly on the methods of the proofs.

(1) The key idea in the proofs of Theorems 2.1 and 2.2 is to estimate the distribution function for
the Monge-Ampére gradient (D?u)~'/2Dg of the Green’s function g of the linearized Monge-
Ampére operator via estimates of the distribution function of ¢ (see Proposition 3.10) and
then optimize. This allows us to take advantage of results for the distribution function of g
that have been developed so far. Though simple, this idea can be applicable to more general
elliptic operators in divergence form.

(2) In the proofs of Theorems 2.3 and 2.4, we follow the framework in [27, Chapter 15] for
linearized Monge-Ampére equations in divergence form and use the Caffarelli-Gutiérrez
Harnack inequality, Savin’s boundary localization theorem, and maximum principles (such
as Propositions 5.1 and 5.3) to estimate solutions with prescribed boundary values.

(3) In the course of proving the maximum principles such as (5.3), instead of working
with D, gs, (,y) - F, we work with (Dzu)_l/szgSh(-, y) - (D?*u)'/?F. The integrability of the
Monge-Ampere gradient of the Green’s function in Theorems 2.1 and 2.2 explains the
assumed integrability of (D?u)!/2F and this seems to be optimal without further restrictions.
On the other hand, when u is a Radon measure with certain measure growth of the total varia-
tion |u| on sections, the layer-cake formula can be used to obtain uniform estimates; see (5.7).
For this, our refined control on the shape of the superlevel sets of the Green’s function proves
to be crucial.

3 | PRELIMINARIES AND A KEY ESTIMATE

In this section, we recall some properties of sections of solutions to the Monge-Ampére equa-
tion and the Green’s functions of the linearized Monge-Ampére operator and state a key estimate
for the Monge-Ampére gradient of the Green’s function.

We will frequently use the following volume estimates; see [27, Lemmas 5.6 and 5.8].

Lemma 3.1 (Volume estimates for sections). Let u € C?(Q) be a convex function satisfying (1.2) on
a bounded convex domain Q C R". Let x € Q and h > 0. Then

1S, (x, )| < C(WA~/2n/2,
IfS,(x, h) € Q, then
c(MAT2R? < 1S, (x, h)l,
where c, C are positive constants depending only on n.
Note that if S,,(x,, h) € Q, then the convexity of u implies that S, (x,, i) is a bounded convex

domain and u(x) = u(x,) + Du(x,) - (x — x) + h on 3S,,(xy, h).
We also need the following geometric property of sections; see [27, Theorem 5.30].
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Theorem 3.2 (Inclusion property of interior sections). Let u € C2(Q) be a convex function satisfy-
ing (1.2). Then, there exist constants cy(n, 1, A) > 0 and p,(n, A, A) > 1 with the following property.
Assume S,, (xy,2t) € Qand 0 <r <s < 1. Ifx; €S, (xy,rt), then

S, (x1,co(s — PP1E) C S, (x, St).

We collect here some facts on the Green’s function of the linearized Monge-Ampére operator;
see [27, Chapter 14] for more details.

Remark 3.3. We will use the following properties of the Green’s functions in the setting of
Definition 1.2.

(1) By approximation arguments, we can use ¢ € Wé’Z(V) N C(V) as test functions to (1.3).
(2) (Representation formula) Assume that V is proper. If ¢ € L"(V), then there exists a unique
solution ¢ € W2"(V) n W (V) n C(V) to
—Uile-jz,b =¢ inV andy =0 ondV.

Use 1 as a test function to (1.3), then the following holds:
40 = [ g dx. (31)
v

We also need the following regularity of the Green’s function away from the pole.

Proposition 3.4. Let u, Q, and V satisfy one of the following sets of conditions:

(1) Qs bounded convex domain in R", u € C3(Q) is a convex function satisfying (1.2), and V € Q
is open.
(2) uand Q satisfy (2.4)-(2.7), and V C Q is open.

Let gy (-, X,) be the Green’s function of L, = D; (U D;) in V with pole x, € V.
» IfE € V\{x}, then gy (-, x,) € W(E) n WYX(E) n C(E) and L, gy (-, x;) = 0 in E.
* Assume that 'V is proper. Then, ¢;,(-,x,) € C (17 \ B, (x0)>for allr > 0.

We state a global Holder gradient estimate for the Monge-Ampere equation and verify (2.14)
under natural conditions that are suitable for applications.

Lemma 3.5. Assume that u and Q satisfy (2.4)-(2.7). There exists a = a(n, A, A) € (0, 1) such that
the following statements hold.

(i) There exists C, = C,(n, A, A, p) > 0 such that

[Du] sup_|Du(x) — Du(y)l/1x — y|* < C.. (32)

X#FYEQ

ca@) ‘=

(i) Let S, (X, ty) be a section of u with x, € Q and t, > 0. Then,

n—2 a

H™ (8, (X, £)) < C, A, A, )ty 4. (33)
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 11 of 37

Consequently, if F € wbLn(Q; R™) N L®(Q; R") and up .= divF has a definite sign, then
-2 o

_+_
gl (S, (X0, 1)) < C(n, A, A, PIF Il oo (s, xptonto ™« - (3.4)

For the proof of Lemma 3.5 (ii), we will use the following observation in Cui-Wang-Zhou [8,
Lemma 4.4].

Lemma 3.6. Let X C R" be a bounded convex domain containing an open ball B,(x). Then

Hr-1(ax) < WXL

In [8, Lemma 4.4], the lemma was proved for X smooth. However, it is still valid for general
bounded convex domain X. To see this, let {X,,,}> | be a sequence of uniformly convex domains

with C* boundaries such that m converges to X in the Hausdorff distance; see [27, Theorem
2.51]. Then applying [8, Lemma 4.4] to X,,, and letting m — oo, we obtain the stated estimate.

Proof of Lemma 3.5. By the global C'* estimates for u (see [27, Theorem 9.5]), there exist
a(n,A,A) € (0,1) and C,(n, 4, A, p) such that (3.2) holds.
From the mean value theorem, (3.2) easily implies that

B oD 114 (x) c S,(x,h) whenever S, (x,h) € Q. (3.5)

By the dichotomy of sections in [27, Proposition 9.8], one of the following is true:

(@) S,(xg,2ty) C Q.
(b) There exist z € dQ and a constant ¢(n, 4, A, p) > 1 such that S,,(x, 2t,) C S, (z, ¢ty).

Suppose (a) is true. Then, by Lemma 3.6 and the volume estimates in Lemma 3.1, we have

n/2 o o«

=C(nm, 1, A, p)tT+°’_“.

n|S,(xy, to)l - C(n, Mt
C—l/(1+o¢)t1/(1+oc) = C—l/(1+o¢)té/(l+a)

* 0 *

H"H(3S, (%, ) <

Suppose that (b) is true. If ¢t, < c where ¢ = c(n, 4, A, p) > 0 is small, then, [27, (9.11)] gives

S,(z,¢ty) CB (2).

1/2
ct)/? | log o

By the monotonicity of the surface measure with respect to inclusion of convex sets (see [27,
Lemma 2.71]), we have
n—2, «
H"1(8S,,(x0, t)) < H"—l(aB 2 (z)) C(n, 4, A, p)t,” e
If ¢t, > c, then, again by [27, Lemma 2.71], we have

2 a

HI3S, (xpe 10)) < H'(00) < HP (@B,(0)) < C(mp™™ < Cm A, Aty ” o7,
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12 of 37 | GU and LE

We have established (3.3) in all cases.
To prove (3.4), we can assume without loss of generality that up > 0. Let v be the outer unit
normal vector field on dS,,(x,, ;). Then, the divergence theorem gives

| gl (S, (X, £0)) = /

Su(xg:t0)

divFdx =/ F-vdH" !
0S,,(xg.t0)

S Fllzeogs, (xpuon H™ ™ (884 (Xo, 1))

n—2 a
= tan

< C(n5l5 Aa p)”F”LO"(Su(XO,[O))tO “*1.
The lemma is proved. Cl

For later references, we record here an easy consequence of the Holder inequality and the
volume estimates in Lemma 3.1.

Remark 3.7. Assume that u and Q satisfy (2.4)-(2.7) and u € L9(Q) where g > n/2. Then, for all
Xo € Qand ¢, > 0, we have

n_n
2

|Iu|(Su(x0’ tO)) < C(n’ q, ﬂ" As ;O)”#”LLI(Su(xO,tO))tOZ !
We will use the following Holder inequality in Lorentz spaces, due to O’Neil [35].

Theorem 3.8 (Holder inequality in Lorentz spaces). Let Q C R" be open. Let f,g : Q@ — R be
two Lebesgue-measurable functions. Suppose 1 < py, p,, p < o and 0 < q;,q,,q < oo satisfy 1% =

1 1 1 1 1
—+—and - =—+—~.] : < co and , < oo, then
P D2 9 @1 @ FIf e 91(Q) lgllp2 92(Q)

I fgllracq) < C(P1s P2s Q1 @I fllLorar (@) 91l Lp2a2 (-

We recall the layer-cake formula (see [27, Lemma 2.75]).
Lemma 3.9 (The layer-cake formula). Let E C R" be a Borel set and letv : E — R be a measurable

function. Assume that u : E — R is an integrable, nonnegative function. Let us also use u for the
measure with density u(x). Then,

/ 10O |u(x) dx = / WEn{ol > ) d,
E 0

and for p € (1, 00), we have

[s9)
/|u(x)|de=p/ tP7HE N {jv] > t}| dt.
E 0

The following proposition is our key estimate. It allows us to estimate the distribution func-
tion for the Monge-Ampére gradient of the Green’s function ¢ via estimates of the distribution
function of g.
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 13 of 37

Proposition 3.10. Let Q C R" and let V C Q be open and proper. Let u € C3(Q) be a convex func-
tion satisfying det D>u > 1 > 0. Let g/(-,y) be the Green’s function of the linearized Monge-Ampére
operator Dl-(Uiij) in V with poley € V. Then forall y € V and constants k,t > 0, we have

ltx €V 1 |(D*u(x))/?D, gy (x,p)| > £}l < % +HxeV gLy >kl (36
Proof. Fixy € V. Let
£i=gy(,y) and ¢(x) := (D*u(x))""/*Dy gy (x, ).
To simplify, we use this notation
gl >sti={xeV:|p()|>s}, {E>sti={xeV:Ex)>s}

For constants ¢, k > 0, we have

{lp| >t} c{& > ktu gl > tin{E <k}). (3.7
We claim that
/ UYD;ED;E dx = k. (3.8)
{E<k}

This identity appears in various forms in [27] such as Equations (14.23) and (14.71) there. For the
reader’s convenience, we include its proof. Indeed, let

&, = min{, k}.

Then, &, =& in {£ < k} and D&, =0 in {£ > k}. From Proposition 3.4, &, € Wé’Z(V) ncv).
Remark 3.3 tells that we can use &, as a test function in (1.3), so

k=¢&@)= / UYDED; &, dx = / UYD;ED;& dx.
14 {6<k}

Thus, (3.8) is proved as claimed.
Using (3.8) and recalling |¢|?> = (D*u)~'D¢ - D&, we have

¢l > hnig <l < | @dxz/gk}wdx

ek 12 £

=t /g k}(detDZu)_lUUDié'Djf dx (3.9)
<

The proposition follows from (3.7) and (3.9). O
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4 | LORENTZ SPACE ESTIMATES FOR THE GREEN’S FUNCTION

In this section, we prove Theorems 2.1 and 2.2.

For Theorem 2.1, we first establish geometric controls and measure estimates for the superlevel
sets of the Green’s function gg (., 1)(,¥) for compactly contained sections S, (x,, h). This lemma
extends [27, Theorem 14.11] into the weak LP space at the end point p = n/(n — 2) when n > 3.

Lemma 4.1. Let u € C3(Q) be a convex function satisfying (1.2), where Q C R". Assume
S, (x9,2h) € Q where x, € Q a_r.1d h > 0. Let g (r, n)(-,¥) be the Green’s function of the linearized
Monge-Ampére operator Dl-(U”Dj) in S, (xy, h) with pole y € S, (x,, h). There exist constants
n(n,A,A) € (0,1) and ty(n, A, A) > 1 such that the following statements hold.

(i) Forally € S, (x4, h), we have S, (y, 2nh) € S,(x,,2h) and forall t > roh_nT_z,

S, (v, 2nh27t/70) ifn=2,
{x € 5,060, 1) : g5, e ) >thC " 2 2 (4.1)
Sy, (4r)i3t773) ifn 3.
(ii) Forally € S, (x,, h) andt > 0, we have
CA,A)h2770  ifn=2,
x €S, (xp,h) : x,y) >t} < n 4.2)
I{ u(Xo 95,,(x.h) (6, ¥) > 1} {C(n,/l, M ifns s,

As a consequence, if n > 3, then

1195, (> )HLﬁv‘”(su(xo,h)) sCmAA).

Proof. The inclusion property of interior sections (Theorem 3.2) shows that there is a constant
n =nn,4,A) € (0,1) such that S, (¥, 2nh) € S,,(x,,2h) for any y € S, (x,, h). Let

9(x) 1= gs, (xg.20) (X5 ) = G5, (0, 0)(X5 V).

As observed at the beginning of the proof of [27, Lemma 14.7], we have g € WIZO’Z’(Su(xO, h)) N
C(S,(xg, h)) and it satisfies

UijDijg =0 inS,(xyp,h) and§=0 ondS,(xy,h).

The Aleksandrov-Bakelman-Pucci (ABP) maximum principle (see [13, Theorem 9.1]) shows that
g = 0in S, (xy, h). Thus,

95,,(x0.20) (%> ¥) = g5, ()X, ¥) 2 0 forall x € S, (xo, h).
Consequently, we have for all y € S,,(x,, h) and ¢t > 0,

{fx € 8,0x0, 1) * g5, (o)X, ¥) > 1} C {x € 8,(x,2h) © gs, (xy2m)(%,¥) > 1. (4.3)
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 15 of 37

To simplify, we denote S := S, (x,, 2h). Fixy € S,,(x,, h). By [27, Lemma 14.10], we have

S, (y, 2nh277/7) ifn=2,

n—2
fxeS: gyx,y)>1(2h)" 7 }C
’ Sy, 2(4707—1)ﬁ h) ifn >3,

forallt > 7, = C;n™""/? > 1, where C; = C;(n,4,A) > 0is large.
It follows that

S, (y, 2nh2~t/70) ifn=2,

n—2
2 _ 2 ift >7yh™ 2. (4.4)
S, (v, (dty)n—2t"n2) ifn>3

{xes: gs(x,y)>t}c{

From (4.3) and (4.4), we obtain (4.1). Part (i) is proved.
From the volume estimates of sections in Lemma 3.1, we obtain for some C,(n,4,A) > 0 and

n—2
allt > tyh™ 2,
1S, (y, 2nh2~t/70)| < C,h2"!/70 ifn=2,
xS : gsCey) > e s (45)
[S,(y, (4ty)n=2t n2)| < Cyt 2 ifn>3.
Consider n = 2. If 0 < t < 7, then using Lemma 3.1, we have
lfx €S 1 gs(x,¥) > 1] < IS] < C3(A)h < 2C3h27"/%, (4.6)
From (4.3), (4.5) and (4.6), by choosing C = max{C,, 2C;}, we obtain (4.2) for n = 2.
n—2
Considernown > 3.1f0 < t < 7yh™ 2, then using Lemma 3.1, we have
fx €5 ¢ gs(6,) > Bl < IS < Cy(n, DR? < Cyln, A, M)t ™75, 4.7)

From (4.3), (4.5), and (4.7), by choosing C = max{C,, C,}, we obtain (4.2) for n > 3. Part (ii) is
proved. The proof of the lemma is complete. O

Now, we are ready to prove Theorem 2.1.
Proof of Theorem 2.1. Denote S;, := S, (x,, h). Fixy € Sj,. Let
E(x) 1= gg,(x,y) and $(x) := (D*u(x))""/*D,gg, (x, ).
Step 1: We first prove (2.1) from which (2.2) follows.
We will use Proposition 3.10, so it remains to estimate the measure |{x € S}, : £(x) > k}| from

above and then optimize over k.
Combining Proposition 3.10 and Lemma 4.1, we obtain for all k > 0and t > 0

£ 4o, Ah2 7K ifn =2,

{xeS, 1p(x)| >t} < A n
| nile | /1—];2+C1(n”1’A)k_m ifn >3,

(4.8)
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where 7,(4,A) > 1.
Letting in (4.8)

. {h +2log,i/r, max{t,1} ifn =2,
= n—2

tn-1 ifn>3

we obtain (2.1).

Step 2: We prove (2.3) for p € (1, %)

Considern > 3. Let x5, be the characteristic function of S;,. By the Holder inequality in Lorentz
spaces (Theorem 3.8) and (2.2), we have

1917 dx = 191, < Co DI W I

Lntp—np’ (Sh)

© 1 n+p—np
<cman [ xe s, @l > 07
0

1 n+p—np
=C3/ tP7HS, | dt
0

n_n-—1
S C4(n’A’Ayp)h’5_Tp

(4.9)

where the last inequality comes from Lemma 3.1. This proves (2.3) for n > 3.
Consider now n = 2. Then p € (1,2). From (4.8), and for k > 0 and q € (1, o0) to be chosen, we
have

lx €)1 1900 > 3] < = + Cy (A, A2M/ 0k < % 4+ Cs(, A, @k~ h.

Letk = t1+qh1+q so that kt—2 = k~%h. Then

1 —2q

l{x € S), 1 |$(x)| > t}] < C4(A, A, @)h+at1+a.

By the layer-cake formula (Lemma 3.9), we have for every 7 > 0

1P dx :/ 1617 dx+/ 1617 dx
Sh (xesy Ig0l<t} (xes,: B0l

(o)
< TP|Sy| +p/ tp_1|{x €Syt lp(x)] > t}| dt
T
Lo g2
< C,(A, AN)tPh + Cg(A, A, p,q@)h1+a / t +a dt,
T

We may choose q = so that p — =L 7 < 0 (due to p € (1,2)) and the integral above converges.
Then,

|$|P dx < C;TPh + Co(A, A, p)h”qrp .
Sh

Setting 7 = h~'/2, we obtain (2.3) for n = 2. This completes the proof. O
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 17 of 37

For Theorem 2.2, extending [27, Theorem 14.22] into the weak LP space at the end point p =

2 , we establish the following geometric controls on the superlevel sets and distribution function
estlmates for the Green’s function g;,. Here, V is no longer required to be compactly contained
in the domain but we need suitable global conditions on the domain and the Monge-Ampere
potential.

Lemma 4.2. Let u and Q satisfy (2.4)-(2.7). Let V C Q be open, proper, and contained in
a section S,(xy, h) of u of height h > 0. Let g,,(-,y) be the Green’s function of the linearized
Monge-Ampére operator Dy(UYD;) in V with poley € V.

(i) There exist positive constants C,(n, A, A, p), C(A, A, p) such that for ally € V, we have

Sy, h27t/€) ifn=2,
xev:g Ky >tic 2 ift >C,(n,A, A\, p). (4.10)
Su(y,C*t ”_2) l.fl’l 23

(ii) Forally € V andall t > 0, we have

CL, A, p)h2 /S ifn =2,
fx eV :gy(x,y) >t} < ( °) o yn (4.11)
Cn,A,A,p)t n2 ifn>3

where C; = C;(4, A, p) > 1. Consequently,

gy GV sy S <CmA,Ap) ifn=3

Proof. From the bound on the Green’s function [27, Theorem 14.21], we have

Ci(n, A, A, p) logz(l/to) ifn=2,
max  go(x,y) <
X€0Sy,(v:to) Ci(n, A, A, p)t T ifn>3

forally e Qand 0 < t; < ¢ = ¢(n, 4, A, p) < 1. Therefore, for 0 < s < ¢, we have

S.(.9 {{x €Q: go(x,y) > Ci(4, A, p)log,(1/s)} ifn =2, 1)

n-2
fxeQ:gox,y)>Ci(n,A,Ap)s 2} ifnx3
We first prove (4.11) for the case n > 3. Fix y € V. Asin (4.3), we have
xeV :gxy)>tic{ixeQ: golx,y) >t} forallt>o0.

n—2
From (4.12), we see that for t > C;c¢” 2,

xeV:gxy)>tic{xeQ: golx,y)>t}CS, (y, (t/Cl)_ﬁ > (4.13)
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_n=2
2

By Lemma 3.1, we have for t > C;c R

2 n
o €V 2 gy(ey) > 81 < IS, (3, ¢/C) 77 )| < C(m A A o) 7. (4.14)

_n=2
2

For0 <t < Cic , recalling Q C Bl/p(O) C R", we have

x eV @ gy(x,y) > B <1QI < Cy(n, A, A, p)t 72, (4.15)
Combining (4.14) and (4.15), we obtain (4.11) for all t > O when n > 3.
We prove (4.11) for the case n = 2. As remarked after the statement of Theorem 2.2, Q is itself a
section of u with height comparable to 1. Fix y € V. Note that

xeVvV . :gxy)>tic{xeS,(x,,h)nQ: gsu(x()’h)m(x,y) >t} forallt>0.

By repeating the proof of [27, Theorem 14.21] for gsu(xO,h)nQ(x, y) instead of go(x, y) (for example,
in [27, (14.48)], we can replace c by h and ¢, by ¢, h), we obtain

max x,y) < C,(A, A\, p)log,(h/t
xe@Su(y,tO)gS“(xo’h)nQ( ¥) < C4(4, A, p)log,(h/ty)

forally € S,(xp,h) N Qand 0 < ¢, < ch.
It follows that for all y € V and all t > C,log,(1/c),

{xeV:gxy)>tpci{x €S, (x,h)NQ: gs (x mnalx,y)> 1} C Sy, h27t/Cs).  (4.16)

From (4.13) and (4.16), we obtain (4.10), which is a global version of (4.1). Part (i) is proved.
Using the volume estimates for sections (Lemma 3.1), we obtain for t > C, log,(1/c),

lx €V 1 gy(x,y) > 83 < IS, (v, h2™/4)| < C(A)h27"/. (417)
On the other hand, if 0 < t < C4log,(1/c), then
x €V 1 gy(x,) > 1}] < 18, (xg, W] < Ch < C5(A, A, p)h2/s, (4.8)

Combining (4.17) and (4.18), we obtain (4.11) for all t > 0 when n = 2. Part(ii) is completely proved
and so is the lemma. Ol

Proof of Theorem 2.2. The proof is similar to that of Theorem 2.1. It uses Proposition 3.10 and
Lemma 4.2 instead of Lemma 4.1, so we skip it. O
5 | MAXIMUM PRINCIPLES FOR LINEARIZED MONGE-AMPERE
EQUATIONS

In this section and the next, we present some applications of Theorems 2.1 and 2.2 to the regularity
of solutions to linearized Monge-Ampére equations in divergence form. This section focuses on
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 19 of 37

maximum principles for subsolutions to (1.1). They imply uniform estimates for solutions to (1.1)
with zero boundary value.
‘We begin with the case of compactly contained sections.

Proposition 5.1. Let Q C R" be a convex domain and u € C3(Q) be a convex function satisfying
(1.2). Assume F € WIIO’Z’(Q; R"), u € LZ)C(Q), and S, (x,, 2h) € Q where x, € Q and h > 0. Assume

ve leo: (S, (xg, h)) N C(S,,(xy, h)) satisfies

—~UYDjv <divF+u in S, (xg,h).

(i) Assumen > 3, u = 0, and (D*w)'/?F € L1(S,(x,, h); R"). Then

sup v< sup v+ C(n,AAID*W)?Fllpnis o))"
Sutxoh)  3Su(xo.h) ‘

(ii) Assume (D?u)'/?F € LI(S,(x,, h); R"™) for some q > n and there exist M, > 0 and € > 0 such
that for ut = max{u, 0}, we have

ut(S,(z,9) < MOSHT_ZH for all sections S, (z, s) € S, (xy, 2h). (5.1)
Then

sup v< sup U+ C(n, A4 A QID*W Y Fl ags, (o mph 2+ Cr(n, A, A, £)MohE.
Su(ioh)  88,(x0,h)

Proof. Let us denote S;, := S,,(x,, h). Lety € Wﬁ;:(sh) N W(l)’z(Sh) N C(Sy,) solve
—UijDijzp =divF+u inS, and ©® =0 ondSy;
see [13, Theorem 9. 30]. From the assumption, we have
—UijDij(v —1)<0 inS,.
Sincev — 9 € WIZO’Z(Sh) N C(S_h), the ABP maximum principle gives

supv —sup ¥ < sup(v — ) < sup(v — ¥) = supv.
Sh Sh Sh Sh Sh

Hence,

sup v < sup v + sup Pp. (5.2)
Sp 35, Sn

For y € §;, let gsh(x, y) be the Green’s function of the linearized Monge-Ampeére operator
D;(UYD ;) in S), with pole y. Using the representation formula (3.1) and integration by parts, we
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find

900 = [ a5, CoN@vE+wdx == | D Gey)- P+ [ g, Coudx

S S

< [ 1*w)?D, g, (x,y) - (D*u)/°F| dx (5.3)
Sh

./ 05, (T =00+ 0).

We prove part (i) when n > 3 and ¢ = 0. By Theorem 2.1 and the Holder inequality in Lorentz
spaces (Theorem 3.8), we have

) <P < CoMID*W) 2Dy gg, N oy ND*W) Y *Fllpns,)
h Ln=T"%(S}) h
(5.4)
< Cl(n7 l?“)l'(E Zu)l/ZI ”L"J(Sh)’

Since y € S, is arbitrary, (5.2)-(5.4) establish part (i).
We prove part (ii) by estimating ,(y) and ¢,(y). Recall from (5.3) that

i) = [ 1(D*w)/*Dygs, (x,) - (D*w)'/*F| dx.
Sp

Since g > n, we have - < -,
qg-1 n—1

Applying the Holder inequality and Theorem 2.1, we
have

$10) < IO Degs, (DN, o, D0 P,
h

( (5.5)

u
< Cy(n, 4, A, l|(D*w)!/*F| g5, h 7 -

We estimate
() = /S 9, y)udx.
h

By Lemma 4.1, there are constants n(n, 4, A) € (0,1) and 7,(n, 4, A) > 1 such that forany y € S,
we have S, (¥, 2nh) € S,(x(,2h) and

S, (y,2nh2t/70) ifn =2,

n—2
2 2 ift >t,h” 2. (5.6)
S,y,(d4ry)r—2t n2) ifnx3

{xes,: gsh(x,y)> t} C {

Thus, by choosing 7; = 7,(n, 4, A) large enough, we see that all sections in (5.6) are contained in
n-2
S,(v,nh) € S, (xy,2h) whent >1,h™ 2 =:T.
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Consider n > 3. Using the layer-cake formula (Lemma 3.9) and recalling (5.1) and that
gs,(X,¥) > 0, we can estimate

$,0) < /S g5, (6 K+ () dx
h
=/ ,u+({x €S, : gsh(x,y) > t}) dt
0

= /OT /j’({x €Sy & gs,(x,y) > t}) dt + /Too ,u+<{x €Sy 1 g5, (x,¥) > t}) dt

® 2 2 (5.7)
T+ [ (5,0, ) d

L ® 22y
<MOTh 2 +C3M0/ t n-2" 2 dt
T

2¢

n-2
<MyTh2 ™ + C,M T 2

< Cs(n, A, A, e)Myht.

Consider n = 2. Then T = 7,, and as above, we have

<Tut(s Y S, (y,2nh271/70)) d
) < TS+ [t (s,0.20h ) as

o0
< MTHE + CoheM,, / 271/% gy (5.8)
T

< C,(A, A, ©)MhE.

Combining (5.3) with (5.5), (5.7), and (5.8), we obtain the asserted estimate in part (ii). The
proposition is proved. O

Remark 5.2. For a nonnegative Radon measure y, we define the truncated Riesz potential I, with
respect to u by

h
(. h) = / K5 4 (5.9)
0

n
S2

Then, the estimates for 3,(y) in the proof of Proposition 5.1 (ii) can be expressed using I, . Indeed,
by the change of variables

2 2
. (4ty)n—2t n-2 whenn > 3,
2nh2t/% whenn = 2,

we have in (5.7) and (5.8)

$,(0) < Ch™F 1H(S, (xg 1)) + CI* (v, ), (5.10)
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where C = C(n,4,A) > 0and n = n(n,4,A) € (0,1) is such that S,,(y, 2nh) € S,,(xy, 2h).

Next, we state a boundary version of Proposition 5.1.
Proposition 5.3. Assume that u and Q satisfy (2.4)-(2.7). Let V' C Q be open, proper, and contained
in a section S, (x,, h) of u of height h > 0. Assume F € WI(V;R"), u € L"(Q), and v € WIZO’Z‘(V) N

c(v) satisfies

—~UYDjjv <divF+u inV.

(i) Assumen >3, u =0, and (D*u)/2F € L™ (V;R"). Then
supv < supv + C(n,/l,A,p)||(D2u)1/2F||L,,,1(V).
v v
(ii) Assume (D?u)/2F e L4(V;R") for some q > n and there exist M, > 0 and ¢ > 0 such that for
ut = max{u, 0}, we have
n—2 J—
ut(S,(z,9)) < MOST-H for all sections S, (z,s) C Q.
Then,

q-n
Sl;p U< S;Vp L+ C*(I’l, /1, A’ q, :O)”(Dzu)l/zFHLq(V)h M+ C*(I’l,l,/\, P> E)Mohg'

Proof. Our proof is similar to that of Proposition 5.1. It uses the representation formula (3.1),
Lemma 4.2 instead of Lemma 4.1 for part (ii), and Theorem 2.2 instead of Theorem 2.1, so we skip

it. (|
As discussed after the statement of Theorem 2.2, the above maximum principle is applicable

when V' = Q where the height is bounded by a constant M(n, 4, A, p).

6 | INTERIOR REGULARITY FOR LINEARIZED MONGE-AMPERE
EQUATIONS

In this section, we prove an interior Harnack inequality and interior Holder estimates for solutions
to (1.1).

6.1 | Interior Harnack inequality

In this subsection, we prove Theorem 2.3. The main tools are uniform bounds for solutions to

(1.1) with zero boundary value and the Caffarelli-Gutiérrez Harnack inequality for the linearized
Monge-Ampére equation [6, Theorem 5].
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GREEN’S FUNCTION APPROACH TO LINEARIZED MONGE-AMPERE EQUATIONS | 23 0f 37

Theorem 6.1 (Caffarelli-Gutiérrez Harnack inequality). Let u € C%(Q) be a convex function sat-
isfying (1.2) in a domain Q in R™. Let v € WIZO’Z’(Q) be a nonnegative solution of the linearized
Monge-Ampére equation UYD;;v = 0 in a section S,, (xy,2h) € Q. Then

sup v<C(n,A4,A) inf v.
S, (xg,h) Sy(xos

We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. Denote S, := S, (xo, h) and Sy, , 1= S, (xy, h/2). Letw € leo’:(sh) NnC(Sy)
satisfy

UijDijw =divF+u inS, and w=0 ondSy;
see [13, Theorem 9.30]. Notice thatv —w € leo’; Sn c@) satisfies
UijDij(v—w)zo inS, andv—w=0v3>0 ondsS,.

Hence, the ABP maximum principle shows that v —w > 0 in E Then, applying the Caffarelli-
Gutiérrez Harnack inequality (Theorem 6.1) to v — w, we find

sup(v —w) < Cy(n,4,A) gnf(v —w).

Sh/Z h/2
Thus
supv < (1+ C1)<inf v+ ||w||Lm(Sh)>. (6.1)
Sh/2 Sh/Z
From Proposition 5.1 applied to w and —w, we have
ol {Cz(n,a,A>||<D2u)1/2F||Ln,1(sh> in part (i),
WllLeo(s,) S an . .
" C3||(D2u)1/2F||Lq(Sh)h 2+ CyMyh® in part (ii),

where C, = C,(n,4,A) > 0, C3 = C3(n,4,A,q) >0, and C, = Cy(n, 4, A, €) > 0. Combining this
with (6.1) completes the proof of the theorem. O

6.2 | Interior Holder estimates
In this subsection, using Theorem 2.3, we give a new proof of the following theorem, first obtained
by Wang [45, Theorem 1.5] and Cui-Wang-Zhou [8, Theorem 1.2], on interior Holder estimates

for (1.1).

Theorem 6.2. Let Q C R" be a convex domain and u € C3(Q) be a convex function satisfying
(1.2). Let S,,(xy,2hy) € Qwhere x, € Qand hy > 0andv € leo’?(Su(xO, 2hy)) N C(S,(xy,2hy)) be
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a solution to

where F € Wllo’?(Q; R™) with (D?*u)'/?F € L4(S,(x,, 2hy); R") for some q>n, and ue€
L"(S,,(xy,2h,)) and there exist M, > 0 and € > 0 such that

n—2
[1](S,(z,5)) < MOST+E for all sections S,(z,s) € S,,(xy, 2hy).

Letting
ﬂ
"~ 2
M := sup  |Du(x) —Du(y)] and M :=h," ||(D2”)1/2F||Lq(su(x0,h0)) + Myhg.
X,yES, (x9,hg)
Then

00) = 0@ < C(I0llwgs, sy + M )y MLy =217 forall y, z € S, (ko ho/2),  (6.2)
where C = C(n,A,A,q,e) >0andy =y(n,1,A,q,¢) € (0,1).

Remark 6.3. Some remarks on Theorem 6.2 are in order.

(1) If F = 0 in Theorem 6.2, the term IVl oo (s, (xg,hg)) 1 (6.2) can be replaced by IVl Lecs, (g o)
for any p > 0 in [8].
(2) From Caffarelli’s C1% estimates [5] (see also [27, Corollary 5.22]), we have

M:= sup |Du(x)—Du)| < Cy(n, 4, A, diam(S,(xo, 2R)Dh; %, (63)
x,yES,, (x9,hg)

where a = a(n,A,A) > 0.
Proof of Theorem 6.2. We divide the proof into two steps.

Step 1: Oscillation decay of solutions to (1.1) in small sections. We claim that there exist C > 0
and y € (0, 1) depending only on n, 4, A, g, € such that for any 0 < h < h,, we have

Y\’ o
osc v<C|— osc v+h |[(D*w)'Y*F + Mkt ). 6.4
s <h0> (Su(x(),ho) o D) “Fllzacs, (xgho)) ol (6.4)

Denote S, := S,(xy, h). Since 0 := v — infg, v is a nonnegative solution to
UYD; o =divF+u in S,
we can apply Theorem 2.3 to obtain for some C(n,4,A) > 3

q-n
c! gupli < é}t}/f 0+ Cy(n, 4, A, q)||(D2u)1/2F||Lq(Sh)h 24+ Cy(n, 4, A, €)Myht.
h/2 2
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Thus,

q-n
0SC U = Sup v — ;nf 0<(A—-CYHsupo+Cha ”(D2”)1/2F”Lq(sh) + C,Myh*
h/2 Sh/Z h/2 Sh/Z
(6.5)

an n
<Boscv+Crh [(D*W)?F| g5, 2 + CoMoh',
h

where we can choose
g-n
B =pBnaA,ANqee@-C"1) suchthat min{f22 ,62°} > 1.

A standard iteration argument (see, e.g., the proof of [27, Theorem 12.13]) gives (6.4) with y =
log(1/8)log2 € (0, 1) as claimed.

Step 2: Interior Holder estimates. Let y, z € S), /,. By the inclusion property of sections (The-
orem 3.2), there exists 7 = t(n, 4, A) > 0, such that S, (y,27h,) C Sho € Q. Then, we obtain the
same estimates as (6.4) in S,,(y, h) for h < Th,. We consider two cases:

Case 1: z € S,,(y, Th). Choose 0 < r < thy, such that z € S, (y,r) \ S,(y,7/2). By the defini-
tion of sections and the mean value theorem, we have

<u(z) —u(y) = Du(y) - (z — y) < sup [Du(-) — Du(y)| - |y — z| < M|y — z|.

r
2 Sh

Thus, 2M|y — z| > r. Then, using (6.4),
[v(y) —v(2)] < So(sycr)v < C<||v||Loo(Su(y’Th0)) + M)f—yh(;?’ry

(6.6)
< Cs( W0l + 5 )hg M7 1y = 21",

where C; = C3(n,4, A, g, ¢) can be chosen such that C; > 2777,

Case 2: z ¢ S, (¥, Thy). As in Case 1, we have thy, < M|y — z|. Then, clearly, (6.6) holds from
[v(y) —v(2)| € 2||v||Loo(Sh0) and the choice of C;.

Combining these two cases, we obtain (6.2) as asserted. O

7 | GLOBAL HOLDER ESTIMATES FOR LINEARIZED

MONGE-AMPERE EQUATIONS

In this section, we give a proof of Theorem 2.4.
First, we prove Holder estimates for solutions to (1.1) at the boundary.

Proposition 7.1. Assume that u and Q satisfy (2.4)~(2.7). Let F € WLr(Q; R™), u € L(Q), and
vE WIZO’ZI(Q) N C(Q) be the solution to

UijDijv=divF+/,t inQ, v=¢ ondQ,
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where ¢ € C*(3Q) for some a € (0,1). Assume (D*u)'/?F € LI(Q; R") for some q > n, and there
exist My > 0 and €, > 0 such that

n—2 J—
[1](S,(z,5)) < MOST“LE0 for all sections S,(z,s) C Q.

Let

3(q —n) 350} ) Ay
o . [ 1

Ay :=min{a, 1= .
8q 4 ag+3n

Then, there exist constants §,C > 0 depending only on n, A, A, a, p, q, and €, such that
1060) = 0G| < C(Illceqany + D% 2 Fllyaqy + Mo ) x = %I if Xy € 60, x € Q1 Bs(xy).

Proof. The proof follows closely that of [27, Proposition 14.32] using maximum principles and
barriers. Since our setting is different, we include the details for the reader’s convenience.

Since ay < a, we have [|¢||cagq) < Colat, ap, PII@llca(aq)- Thus, when proving the desired
result, we can rg_place 1#1lce(aq) bY lIPllcxoa0)-

Let L, := U"D;;. By homogeneity, we can assume that

K 1= [vllzeq) + I#llcwo@a) + ||(D2u)1/2F||Lq(Q) +M, =1
By Proposition 5.3 (ii),

ol < €147, 0.0 I9llceay + 1D/ Flacq) + My )-

Without loss of generality, we assume x,, = 0, 4(0) = 0, and Du(0) = 0. It suffices to show, using
barriers, that for all x € Q N Bs(0),

lv(x) —v(0)] < Clx|™,

for some structural constants § and C depending only on 1,4, A, «, p, q, and ;.
For any ¢ € (0,1), we let

6 .
h, :=v—v(0)isi§w52 1nA:=QnBC;2(0),
2

where 6, € (0,1) small is to be chosen later and the function ws, is defined by
ws, (X) = ws (X', x,) 1= Mg x, + u(x) — & |x'|> = A"(A8,)' "x;  forx = (X, x,) € Q,
where

6, :=085/2 and Mg :=A"(15,)' "
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From [27, Lemma 13.7], ws, has the following properties for 6, small:

UYD;jws, < —max{s, trace(U),nA} inQ,
ws, >0 inQNBs(0), and ws >8, onQnIBs (0)

Note that if x € dQ and |x| < 8;(€) := /%, then
lo(x) —v(0)] = [$(x) — $(0)] < |x|* <&,
IfxeQn 5352 (0), we have %w52(x) > 3 from (7.1). Moreover, we have
[u(x) = v(0) £ €| < 2[V]lfeo(a) +€<2K+£<3.
It follows that if §, < &;, then
h_<0 andh, >0 ondA.

Also from (7.1), we have

Lh, <divF+u, Lh_>divF+pu inA.

u

By [27, inclusion (14.59)], we have A C S,,(0, 5;/ %) when 8, is small.
Now, applying the maximum principle in Proposition 5.3 (ii) to 4, and h_, we obtain

a-n

3. 3. 5
max{—h,,h_} < CO<||(D2u)1/2F||Lq(A)522 4 M6? E°> <C,6% in A,

where C; > 1 depends onlyon n,4, A, g, ¢, and p, and

B = min Mg—n) 3%
dng ' 2n |’

Next, from the boundary estimates of u (see [27, Proposition 8.23]), we have for &, small
ws, (x) < Mg, X, + u(x) < Ms, |x| + Cy(n, 4, A, p)|x|*| log |x||?
<2M52|x| for all x € A.

Let 6, = §,. Combining (7.2) and (7.3) and recalling the definition of 4, and h_, we obtain

- 53 1-n -
[u(x) — v(0)] <&+ %waz(x) + clagﬁ <e+ %A” (/172) x| + 015;15

2 2
= £+ C3(n, 4, )8, " [x] + C, 83

= ¢+ Cye 73 %|x| + Clégg.

(7.1)

(7.2)

(7.3)
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If we further restrict ¢ < | 1 then

B

~ ~ 1
C15gﬁ = Clall/lﬁ = Clgaon S Clgz S E.

From the previous two estimates, we have for all € < C1_ Land |x| < 6, = gl/% that

lu(x) — v(0)] < 2€ + Cye>"/%|x]. (7.4)
%0

We may choose € = |x|%+" where |x| <6
satisfied. Then, from (7.4), we have

= Cl_ (@0+3m/%0 ¢ that the conditions on ¢ and x are

[o(x) —v()| <2+ C3)|x|% =Q2+Cyx|"r in QN Bs0).
The proposition is proved. O
If x, € Q, denote by
h(xy) :=sup{h >0 : S,(xp,h) C Q}

the maximal height of all sections of u centered at x,, and contained in Q. S,,(x,, h(x,)) is called
the maximal interior section of u centered at x,,, and it is tangent to the boundary.

Thanks to Savin’s boundary localization theorem [38, Theorem 3.1], we have the following
useful properties of the maximal interior sections; see [39] and [27, Proposition 9.2].

Proposition 7.2 (Shape of maximal interior sections). Let u and Q satisfy (2.4)-(2.7). Assume
that for some y € Q, the maximal interior section S,(y, h(y)) C Q is tangent to Q at 0; that is,
3S,(y, h(y)) N 3Q ={0}. If h := h(y) < ¢ where ¢ = ¢(n,, A, p) > 0 is small, then there exists a
small positive constant xy(n, A, A, p) such that

Du(y) = ae, forsomea € [x,h'/?,x5 h1/?],
%Ey CS,(y.h)—y Cx;'Ep,  and  x,h!/? < dist(y, Q) < x5 hl/?,

where e, :=(0,0,...,1) € R" and the ellipsoid E,, is given by E;, = A;lBhl/z(O), with A;, being a
linear transformation on R"™ with the following properties:

detA, =1, Ax=x—1,X, 74-€,=0, [A "+ [4,ll <x;"[loghl.
Finally, we are able to prove Theorem 2.4.

Proof of Theorem 2.4. Note that our assumption implies (2.4)-(2.7), where p now depends
only on n,4, A, ||“||C3(69)’ R, and the C3 regularity of 6Q; see [27, Proposition 4.7]. There-
fore, Proposition 7.1 can be applied to all x, € 0Q. Our proof is similar to that of [27,
Theorem 13.2]. Since our setting is slightly different, we include the details for the reader’s
convenience.
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By Proposition 5.3 (ii),
ol < €0t 2, A p, (9 lceqaay + D% Fllgqy + Mo )- (75)

By homogeneity, we can assume that
K = |¢llca@a) + ||(D2u)1/2F||Lq(Q) +M,=1
By the global Holder gradient estimate in Lemma 3.5, we have

M := sup |Du(x)—Du(y)| < Cy(n,4, A, p). (7.6)
x,yEQ

Let c,x, € (0,1) be as in Proposition 7.2 and let Q; := {x € Q : dist(x, Q) > s} for s > 0.

Step 1: Holder estimates in the interior of Q. _ _
By Proposition 7.2, the maximal interior section S, (y, h(y)) of u centered at y € Q, satisfies

h(y) > (cxp)* =: ¢;. (7.7)
Therefore, from (7.6) (see also (3.5)), we can find ¢, = c,(n, 4, A, p) € (0, ¢c;) such that
B, (y) C S,(y.¢,/8) C S,(y.¢;/2) € @ whenever y € Q.. (7.8)
From Theorem 6.2, (7.5), (7.6), and (7.8), we can find y = y(n, 4, A, q,¢) € (0, 1) such that
[v(zy) — v(zy)| < C1(n, A, A, p,q,€)|zy — 2,|Y forallzy,z, € BCZ(y).
Repeating the above argument, we can find c;(n, 4, A, p) € (0, ¢,) such that
[v(z)) —v(zy)| < Cy(n, A, A, p,q,€)|z, — 2,|7 forallz,,z, € BC3(y) where y € Q.

Step 2: Holder estimates in a maximal interior section whose center is in Q \ Q.

Let y € Q be such that dist(y,0Q) =r < ¢,. Let Su(y,ﬁ) be the maximal interior section of u
centered at y and y, € dQ N 3S,,(y, h) where h = h(y). Then, the arguments in (7.7) and (7.8) give

h < c. By Proposition 7.2,

—1/2 =12 — _1
xoh  <r<x; h ,andx,E CS,(y,h)—yCx, E, (7.9)

/

—1/2
where E :=h A;BI(O) with A being a linear transformation on R” such that

[ ||A;|| <x,'logh| and detA; =1. (7.10)
From (7.9), (7.10), and

(1/8)(Su(y5]/_l) - y) - Su(y’ FI/S) -y
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we obtain constants C;,c, > 0 depending only on n, 1, A, and p such that

Beyriiogri ) 3 $u0s 1) 3 S,(7:h/8) 3 By () 3 B2 (7.11)
Let 0 = v — v(y,). Then,
U'YD;jo =divF+u in Q.
By Theorem 6.2, there exists C, = C,(n, 1, A, q, ¢, p) such that for all z,, z, € S, (v, h/8)

[v(z1) — v(z,)| = [0(z,) — 0(2,)|

(7.12)
C4<”U”L°°(S oh) T ||(D2u)1/2F||Lq(Q)h % +M0hg> Nz, =z,
We need to estimate ||0]| Loo(S, (v,h))- BY (7.11) and Proposition 7.1 applied at y, € 9Q,
101l eos, v,y < Cs(m, 4, A, p, t, g, €)[diam(S,,(y, 7)™ < Co(r| logr)™, (7.13)

where Cy = Co(n,4, A, p,a,q,€) >0and a; = a;(n, a,q,¢) € (0,a).
From (7.9), (7.11)-(7.13), ¢ > n, and K < 1, we can find 8 = f(n, 4, A, g, ¢, «) € (0, min{a,, ¥})
such that
lv(z,) — v(zy)| < C;(n, A4, A, p,q,6, )|z, — zz|ﬁ for all z,,z, € S,(y, h/8). (7.14)
Step 3: Completion of the proof. Let x,y € Q. We show that
lv(x) — v < Cy(n, 4, A, q.,p)|x — ylP. (7.15)
By (7.5), it suffices to consider
|x —y| <cs.
Let Xy, yy € 9Q be such that r, 1= dist(x,dQ) = |x — x,| and r), :=dist(y,dQ) = [y — y,|. We
may assume r, < r,.. Let i = h(y) be as in Step 2.
Case 1: ry <.

Ifx e B6r§ (¥), then we obtain (7.15) directly from (7.11) and (7.14).

Assume now x ¢B 2(y) Then, [x —y| = czr and
%0 = Yol < 1x = Xol + Iy = yol + Ix = ¥I < 2ry + [x = y| < &lx = y['/?, (7.16)
where ¢, = ¢,(n, 4, A, p). Note that

lo(x) — v < [v(x) — V(x| + [v(y) — ()| + [(x) — V(Yo)I- (7.17)
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We can apply Proposition 7.1 to get
0(x) — V(x| < Celx —xpl™  and  [u(y) — LI < Coly = yol - (7.18)
Combining (7.16)-(7.18), and recalling the C* regularity of v on 6Q, we obtain
lo(x) = V()] < 2Cery! + (&) |x = Y%/ < Cy(n, A4, A, @, g, €, p)x — y P

Case 2:r, > c,. Since |x — y| < ¢3, (7.15) follows from Step 1.
The proof of the theorem is complete. O

8 | APPLICATION TO SINGULAR ABREU TYPE EQUATIONS

In this section, we will use Theorem 2.4 to establish the Sobolev solvability in all dimensions for
a class of singular fourth-order Abreu-type equations. These equations arise from the approxi-
mation analysis of convex functionals subject to convexity constraints such as the Rochet-Choné
model [36] with a quadratic cost in the monopolist’s problem in economics. We refer the readers
to [7, 18, 24, 26, 30] for more details.

Theorem 2.4 provides us a tool to directly establish, in all dimensions, the global higher-order
estimates for singular Abreu equations that were first obtained in the work of Kim, Wang, Zhou,
and the second author [18]. Moreover, it allows us to obtain new solvability results in dimensions
at least three that were not accessible by previous methods.

Our solvability results state as follows.

Theorem 8.1 (Solvability of the second boundary value problem for singular Abreu-type
equations). Let Q C R" be a smooth, uniformly convex domain. Let G(t) : (0, 00) — R be

either G(t) =logt or G(t) =logt/loglog(t + ee4").

Assume that f € LP(Q) with f <0and p > n, ¢ € W*P(Q) and p € W*P(Q) with minyg P > 0.
Consider the following second boundary value problem for a uniformly convex function u:

UDjw =-Au+f inQ,
w =G’ (detD?u) inQ, (8.1)
u =@, w=1y ondQ.

Here (U") = (det D?*u)(D?u)~". Then, there exists a uniformly convex solution u € W*P(Q) to (8.1)
with

lullwsr) < C = C(n, p,G, 9,9, Q). (82)

Before sketching the proof of Theorem 8.1, we make some pertinent remarks and related anal-
ysis.

When G(t) = logt, the expression U" D;;w = U' D;;[(det D*u)~'] appears in the Abreu’s equa-
tion [1] in the constant scalar curvature problem in Kéhler geometry [12]. For a convex function

) SUORIPUOD Pue swie L 8U) 39S *[9202/.0/62] U0 ArigIBUIUO AB]1M ‘UoIBUILOO|E AYSIBAIUN BURIPU| AQ #790L SWII/ZTTT'OT/I0p/A00" A3| 1M AReiq U1 |UO-D0STRWPUO|//SANY W1y papeojumod ‘T ‘9202 ‘05LL69T

fomAriqipul

B5UBO |17 SUOLULLIOD BAeaID) 3|qedt|dde auy Aq peuenob afe sapie YO 8sn Jo sajnl Joj Ariq1auliuQ AS|IA uo



320f37 | GU and LE

u without further regularity, Au can be just a nonnegative Radon measure, so it is a very singular
term. For this reason, we call the first equation of (8.1) singular Abreu equation. This fourth-order
equation in u can be rewritten as a system of two equations: one is a Monge-Ampere equation for
u in the form of

det D*u = G’ Y(w),
and the other is a linearized Monge-Ampére equation for w in the form of

Since we prescribe the boundary values of both u and its Hessian determinant det D?u via w, we
call (8.1) a second boundary value problem.

Without the term —Au on the right-hand side of (8.1), Theorem 8.1 was proved in [20] (see
Theorems 1.1 and 1.2 and Remark 1.4 there) without the sign restriction on f. However, when
—Au appears on the right-hand side of (8.1), it creates several difficulties in establishing solvability
results for (8.1) using degree theory and a priori estimates.

The first difficulty lies in obtaining the a priori positive lower and upper bounds for det D?u,
which is a critical step in applying the regularity results of the linearized Monge-Ampere equation.
For example, it is not known if one can obtain a lower bound for det D2y in dimensions n > 3 for

G(t) = tn%z which arises from the affine maximal surface equation [42].

The second difficulty, granted that the bounds 0 < 1 < det D2u < A < oo have been established,
consists in obtaining Holder estimates for w in the linearized Monge-Ampére equation U/ D; jw =
—Au + f. If one applies the global Holder estimates in [28], this requires Au to be in LY with
q > n/2. However, Au is a priori at most L'*¢ for some small constant £(4, A, n) > 0 (see [11, 40,
46]), so it does not have enough integrability in dimensions n > 3. New ideas are required.

When G(t) = logt, Theorem 8.1 was proved in [18, Theorem 1.1]. The key idea in [18] is to
transform the equation U/ D, jw = —Au + f with singular term —Au into a family of linearized
Monge-Ampére equations with bounded drifts and LP right-hand sides for which the interior Har-
nack inequality and Holder estimates in [23] are applicable, and at each boundary point x,, of
interest, one can make the drift vanish at that point for the purpose of obtaining pointwise Holder
estimates at x,,. Indeed, let

n(x) 1= w(x)e!Pue)-Duxo)*/2, (8.3)
Then, 7 solves
U'D;;n — (det D*u)(Du — Du(xy)) - Dn = e/Pu-PuCol*/2 . (8.4)

Note that once the Hessian determinant bounds have been established, the potential method
in [8] gives new interior higher-order estimates for (8.1); see [8, Theorem 5.1]. Here, we are able
to handle estimates up to the boundary. This is crucial for the solvability using the degree theory.

Interestingly, the transformations (8.3) and (8.4) are very specific to the case G(t) = logt. They
do not transform in any helpful ways for other G, including G(t) = logt/loglog(t + e¢""). This
case is not accessible by the methods in [18, 24] in dimensions at least three. For this G, we can,
however, use Theorem 2.4 to obtain solvability.
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Sketch of proof of Theorem 8.1. It suffices to establish the a priori bound (8.2) for uniformly convex
solution u € W*P(Q) to (8.1) since the existence then follows from the degree theory.
Step 1: Hessian determinant bounds. We assert that

C'<detD’u<C, ingQ, (8.5)

where C; = C,(n, p,G, 9,9, Q) > 0.
Indeed, from the convexity of u, we have Au > 0. Hence, recalling f < 0, we find

UYDjjw=-Au+f<0 inQ.
By the maximum principle, w attains its minimum value in Qon the boundary. Thus,

w2 minw=miny >0 inQ.
3Q 3Q

This together with det D?u = (G’)~!(w) gives the upper bound for the Hessian determinant:

detD*’u<C, := (G’)_l(rgl(iln ¥) inQ. (8.6)

Usingu = ¢ on 0Q together with Q being smooth and uniformly convex, we can construct suitable
barrier functions (see [27, Theorem 3.30]) to obtain

sup Iul + ||Du”L°°(Q) < C3 = C3(n9 G7 @, lp’ Q) (87)
Q

Denote the Legendre transform u* of u by
u*(y) = x - Du(x) — u(x), wherey = Du(x) € Q* := Du(Q).
Then
x =Du*(y) and D*u(x)= D*u*(y))~..

Let (u*V),; j<, be the inverse matrix of D?u* and

w' = G((detD?u) ") - (det D?u) G’ (det D) )
(8.8)
= G(det D*u) — (det D*u)G’(det D).
Computing as in [20, Lemma 2.7], we have
UYD;;w = —u*Dyjw*,

and (see also [18, (2.9)])

Au=u
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Here, we use the notation

; o2w*
D;.w* = .
Y 9y;0y;

It follows that
u*ile-j(w* - yI*/2) = —Uile-jw —Au = —f(x) = —f(Du*(y)) inQ* (8.9)
Note that (8.7) implies
diam(Q") + [|u* || o (q+) < C4(n, G, 9,9, Q). (8.10)
Moreover, for y = Du(x) € dQ* where x € dQ, we have from (8.8)
w* () = GG W) — 6" (WE)w(x)
(8.11)

= GG @) — G WE))P(x).

From (8.10) and (8.11), by applying the ABP estimate [13, Theorem 9.1] to w* — [y|?/2 on Q* in
equation (8.9), and then changing of variables y = Du(x) with dy = det D?u dx, we obtain

lw* = y1?/2ll () < Ilw* = 112 /2ll o504 + C()diam(Q*)

|f1"(Du*) 1/n
<C+C L
* </Q (detD?ur)1 Y

l£1"(x)

o detD2y

’ f(Du")
(detu*ij)l/”

17(0%)

1/n
:C+C< det D*u dx)

< Cs + Csllfllzecoy
where Cs = Cs(n, p,G, 9,9, Q).
In particular, w* is bounded from below by a negative structural constant. Due to (8.8), the
formula for G gives a positive structural lower bound for the Hessian determinant:
detD*u > C¢(n, p,G,9,9,Q) >0 inQ. (8.12)
Combining (8.6) and (8.12), we obtain (8.5) as asserted.
Step 2: Higher-order derivative estimates.
Now, by (8.5), (8.7), Lemma 3.5, and Remark 3.7, we can apply Theorem 2.4 with
F=0 and u=-—div(Du)+ f.

We obtain some a = a(n, p,G, ¢, 9, Q) € (0,1) such that w € C“(ﬁ) with

”w”C“(Q) < C7(n7 p’ Ga q” ¢7 Q)
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Rewriting the equation for w, we find
detD’u=(G)Y(w) in Q wu=¢ on 94Q, (8.13)

with (G/)"}(w) € C%(Q), and ¢ € C3(Q) because ¢ € W*P(Q) and p > n. We obtain from the
global Schauder estimates for the Monge-Ampére equation [44, Theorem 1.1] that

”ullcz,a(ﬁ) < Cg(n’ D Ga @, 1;[)’ Q)

Thus, the first equation of (8.1) is a uniformly elliptic, second-order partial differential equations in
w with C%*(Q) coefficients and L right-hand side. Hence, from the standard WP theory for
uniformly elliptic equations (see [13, Chapter 9]), we obtain the following WP (Q) estimates:

lwllw2p) < Cn, p, G, 9,9, Q).

Now, we can differentiate and apply the standard Schauder and Calderén-Zygmund theories to
(8.13) to obtain the following global W*P(Q) estimate for u:

lullwsr) < C = Cn, p,G,9,%,Q).
The theorem is proved. O
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